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This is an addendum to our vignette “Extracting and Unifying Semi-Elasticities and Effect
Sizes from Studies with Binary Dependent Variables.”

1. Linear probability models and articles reporting marginal effects

1.1. Semi-elasticities from continuous explanatory variables (linear and quadratic)

Linear probability model with continuous explanatory variables:!

K
y="PF0+> Btk +u, (1)
k=1
where y € {0,1} is a binary dependent variable, z = (z1,...,x K)T is a vector of K continuous

explanatory variables, 3 = (B, ...,Bk)" is a vector of K + 1 unknown coefficients, and u is a
random error term.
The semi-elasticity of the kth (continuous) explanatory variable is:

_ OE[y|
€ =

o, xp = B - T (2)

This semi-elasticity can be interpreted as: if the kth explanatory variable inceases by one
percent, the probability that y = 1 increases by €, percentage points. This semi-elasticity
depends on the value of the dependent variable x;. One often calculates the semi-elasticity at
the sample mean, i.e., T = Tj.

If the model specification additionally includes a quadratic term of the explanatory vari-
able k, e.g., xx11 = xi, the semi-elasticity of this explanatory variable is:

OE[y|

*CT o, T (Br + 2 Brs1 Tk) Tk = Br Tk + 2 Brg 7. (3)

!The following explanations are focused on linear probability models but apply equally to articles with probit
or logit regressions that report the marginal effects.



An approximate standard error of the semi-elasticity defined in equation (3) can be obtained
by using the Delta-method:

0 0
se (Ek) = \/a(ﬁk eﬂkk—i-l)var (ﬁk?ﬂk-i-l)a(ﬁk ;:+1)T (4)
= \/(l’k,Q 332) Var (ﬁkaﬁk-i—l) ($k’2 :I"%)Ta (5)

where se (e;) indicates the (approximate) standard error of the semi-elasticity e, and
Var (S, Bk+1) indicates the variance-covariance matrix of S and Sy1.

As scientific publications usually do not report covariances between estimated coefficients,
but only (at best) standard errors (or t-values, which can be used to calculate the standard
errors), the covariance between the estimates of 8y and Sgy1 is usually unknown. One can
approximate equation (7) by assuming that the covariance between the estimates of f and
B+1, i.e., the off-diagonal element(s) of Var (B, fr+1), is zero:

2
Var (Bk’ Bk-i-l) ~ > (gk) se (52+1)2 (6)

where se (5;) and se (B;41) are the standard errors of the estimates of S and 41, respectively.
If there is no quadratic term of an explanatory variable x; and, thus, the semi-elasticity is
calculated according to equation (2), equation (5) simplifies to:

se (ex) = se (B) - xp (7)

The following function calculates the semi-elasticity € according to equation (3) and its
standard error according to equations (5) and (6):

linEla <- function( xCoef, xVal, xCoefSE = rep( NA, length( xCoef ) ) ){
if( ! length( xCoef ) %in% c( 1, 2 ) ) {
stop( "argument 'xCoef' must be a scalar or vector with 2 elements" )
}
if ( length( xCoef ) != length( xCoefSE ) ) {
stop( "arguments 'xCoef' and 'xCoefSE' must have the same length" )
}
if( length( xVal ) != 1 || !is.numeric( xVal ) ) {
stop( "argument 'xVal' must be a single numeric value" )
}
if ( length( xCoef ) == 1) {
xCoef <- c( xCoef, 0 )
xCoefSE <- c( xCoefSE, 0 )
}
semEla <- ( xCoef[1] + 2 * xCoef[2] * xVal ) * xVal
derivCoef <- c( xVal, ifelse( xCoef[2] == 0, 0, 2 * xVal~2 ) )
vcovCoef <- diag( xCoefSE~2 )
semElaSE <- drop( sqrt( t( derivCoef ) %x% vcovCoef Yx*}, derivCoef ) )
result <- c( semEla = semEla, stdEr = semElaSE )
return( result )



with argument xCoef = (B, frs1)', argument xVal = xz;, and an optional argument
xCoefSE = (se (B1),se (Br+1)) . In case of model equations that are linear in zy, the second
elements of arguments xCoef and xCoefSE can be set to zero or can be omitted, i.e., xCoef
= [k and xCoefSE = se (f3x), so that equation (3) simplifies to equation (2) and equation (5)
simplifies to equation (7).

elala <- linEla( 0.05, 23.4 )
elala

## semEla stdEr
#it 1.17 NA

elalb <- linEla( 0.05, 23.4, 0.001 )
elalb

## semEla stdEr
## 1.1700 0.0234

all.equal( elalb, linEla( c( 0.05, 0 ), 23.4, c( 0.001, 0 ) ) )

## [1] TRUE

ela2a <- linEla( c( 0.05, -0.00002 ), 23.4 )
ela2a

## semEla stdEr
## 1.148098 NA

ela2b <- linEla( c( 0.05, -0.00002 ), 23.4, c( 0.001, 0.00002 ) )
ela2b

## semEla stdEr
## 1.14809760 0.03205113

1.2. Semi-elasticities from interval-coded explanatory variables
Linear probability model, where the kth explanatory variable is interval-coded:
y=PF+ > Bizi+ Y. OmDm+tu, (8)
je{l,..KN\k me{l,....M}\m*

b _ {1 i by < 2 < by

) Vm=1,...,M, 9)
0 otherwise



where y € {0,1} is a binary dependent variable, = (z1,...,2x) " is a vector of K continuous

explanatory variables, whereas the actual values of one of these variables, x, are unobserved,
D = (Dy,...,Dy)" is a vector of M dummy variables that indicates in which intervals the
values of variable zy, fall, b = (bg,...,bys) " is a vector of the M+1 boundaries of the M intervals
of variable z, m* € {1,..., M} is an arbitrary chosen interval that is used as ‘base’ interval in
the regression, 8 = (Bo,...,Bx)" and § = (01,...,0m 1, 0m=s1,...,00) " are vectors of K +1
and M — 1, unknown coefficients, respectively, and v is a random error term. For convenience
of further calculations, we define the (non-estimated) coefficient for the ‘base’ interval to be
zero, i.e., Omx = 0.
The semi-elasticity of explanatory variable xy:

OE[y]
= 10
=g, Tk (10)
can be approximated ‘around’ each ‘inner’ interval boundary b1,...,b—1 by:

c - E[y\bm <z < bm+1] — E[y|bm_1 <z < bm] b (11)

fom Elzg|bm < 2k < bpst] — Elzglbm1 < 2 < bm]

Omt1 — Om

= H by (12)

 Elaglbm < 2 < bpg1] — Elzg|bn—1 < 2 < by
Vm=1,...,M — 1.
It indicates the approximate increase in the probability of y = 1 (in percentage points) that

is caused by an increase in the explanatory variable x; by one percent around the interval
border b,,.

Assuming:
1
Elzg|bm—1 < 21 < bp] = 5 (bm—1+ bm) , (13)
we get:
5m+1 - 5m
€em ~ bm 14
% (bm + bm+1) - % (bm—l + bm) ( )
5m+1 - 5m
=2 —— by 15
bm-‘rl - bm—l ( )
YVm=1,...,M —1
If bys is infinity, we can assume:
Elzglbryr—1 <z < by = byr—1 + (-1 — bar—2) (16)
=2by—1—bu—2 (17)
1
= 5 (4 by—1—2 bM_Q) (18)
1
=3 (bv—1+3by—1—2by-2), (19)
which is equivalent to setting:
bayy =3byo1—2 by o. (20)



In order to aggregate the semi-elasticities €q,..., € —1 that correspond to the ‘inner’

interval boundaries bi,...,bp;—1 to one overall semi-elasticity, we can calculate a weighted
mean of the semi-elasticities €1, ..., €, p—1. We suggest to use the approximate proportions
of observations that have a value of variable xj; that are ‘around’ each boundary by,...,ba—1
as weights:
s1 + %82 iftm=1
Wy, = %(Sm+3m+1) f2<m<M-2, (21)
ssm—1+sy ifm=M-1

where s,,, is the proportion of observations that are in the mth interval, i.e., b,,,_1 < zp < by,
The weights sum up to one, i.e. Zm 1 Wy =1
Thus, we can calculate the approx1mate average semi-elasticity by:

M-1
€ & Z Wy, €km (22)
m=1
0y — 0
= (251 + 52) = by (23)
by — by
—2
5m+1 - 5m
+ S+ Spa) AT g
mZZ +1 bm+1 - bm—l
O — O
+ (sm—1+ 2s0) MM

bar — bar—2

As argued before, if bys is infinity, it can be set to the right-hand side of equation (20) or
another value that seems to be appropriate for the analysed data set.
An approximate standard error of the semi-elasticity defined in equation (23) can be obtained

by using the Delta-method:
B Oep, T Oep,
se (ex) = \/(65) Var (9) 55 (24)

where se (e;) indicates the (approximate) standard error of e, and Var(§) indicates the
variance-covariance matrix of the estimates of 4.




The nth element of the vector of partial derivatives Jex /00 can be obtained by:

Oe N Oe
k km
— 25
90, D wm 90, (25)
m=1
0
(w1 86;11 ifn=1
O€gm_ Oe i
=< Wy ;g;l wn8§: f2<n<M-1 (26)
0 _
War-1 egé—f‘él ifn =M
( by .
—9 fn=1
w1 — if n
=< 2w 1bn—_1—2fwb—" f2<n<M-1 (27)
" by — bya " bpg1 —bn -
byi—
2 WHr—1 L ifn=M
by — bar—2
The following code defines a helper function that calculates the weights w1, ..., wy—1 ac-

cording to equation (21):

elalntWeights <- function( xShares ) {
nInt <- length( xShares )
weights <- rep( NA, nInt - 1)
for( m in 1:(nInt-1) ){
weights[m] <- ifelse( m == 1, 1, 0.5 ) * xShares[m] +
ifelse( m+1 == nInt, 1, 0.5 ) * xShares[m+1]
}
if( abs( sum( weights ) - 1) > 1e-5) {
stop( "internal error: weights do not sum up to one" )

}

return( weights )

with argument xShares = s = (s1,...,$ M)T the vector of proportion of observations in each
interval.
The following code defines a helper function that checks the boundaries by, ...,bys and

replaces by by the right-hand side of equation (20) if by is infinite:

elalntBounds <- function( xBound, nInt, argName = "xBound" ) {
if ( length( xBound ) != nInt + 1 ) {
stop( "argument '", argName, "' must be a vector with ", nInt + 1,

" elements" )

}
if ( any( xBound !'= sort( xBound ) ) ) {
stop( "the elements of the vector specified by argument '", argName,

"' must be in increasing order" )



}

if ( max( table( xBound ) ) > 1) {
stop( "the vector specified by argument '", argName,
"' may not contain two (or more) elements with the same value" )

if( is.infinite( xBound[ nInt + 1 ] & nInt > 1 ) ) {
xBound[ nInt + 1 ] <- 3 * xBound[ nInt ] - 2 * xBound[ nInt - 1 ]

}

return( xBound )

with argument xBound = b = (b, ...,b M)T the vector of boundaries, argument nInt = M
an integer that indicates the number of intervals, and optional argument argName a character
string that can be used to modify the error message (if necessary).

Using the helper functions elaIntWeights (equation 21) and elaIntBounds (equation 20),
the following code defines a function that calculates the semi-elasticity €; according to equa-
tions (15) and (22) and the respective standard error according to equations (24) and (27):

linElaInt <- function( xCoef, xShares, xBound,
xCoefSE = rep( NA, length( xCoef ) ) ){

nInt <- length( xCoef )
if( nInt < 2 || 'is.vector( xCoef ) ) {

stop( "argument 'xCoef' must be a vector with at least two elements" )
}
if( length( xCoefSE ) != nInt ) {

stop( "arguments 'xCoef' and 'xCoefSE' must be vectors of the same length" )
¥
if( length( xShares ) != nInt ) {

stop( "arguments 'xCoef' and 'xShares' must be vectors of the same length" )
}
if ( any( xShares < 0 ) ) {

stop( "all shares in argument 'xShares' must be non-negative" )
}
if( abs( sum( xShares ) - 1) > 0.015 ) {

stop( "the shares in argument 'xShares' must sum to one" )
¥
# check 'zBound' and replace infinite values
xBound <- elaIntBounds( xBound, nInt )
# weights
weights <- elalntWeights( xShares )
# semi-elasticities 'around' each inner boundary and their weights
semElas <- rep( NA, nInt - 1)
for( m in 1:(nInt-1) ){

semElas[m] <- 2 * ( xCoef[ m+l ] - xCoef[ m ] ) * xBound[ m+1 ] /

( xBound [m+2] - xBound[m] )



with argument xCoef = § = (01,...,0nm
argument xBound = b = (bo,...,by

}

# (average) semi-elasticity
semElaAvg <- sum( semElas * weights )
# derivatives of the (average) semi-elasticity wrt the coefficients
derivCoef <- rep( NA, nInt )
derivCoef [1] <-
-2 * weights[1] * xBound[2] / ( xBound[3] - xBound[1] )
derivCoef [nInt] <-
2 * weights[nInt-1] * xBound[nInt] / ( xBound[nInt+l] - xBound[nInt-1] )
if( nInt > 2 ) {
for( n in 2:( nInt-1 ) ) {
derivCoef [n] <-
2 * weights[n-1] * xBound[n] / ( xBound[n+1] - xBound[n-1] ) -
2 * weights[n]  * xBound[n+1] / ( xBound[n+2] - xBound[n] )

}
}

# wvariance-covariance matriz of the coefficiencts

vcovCoef <- diag( xCoefSE"2 )

# standard error of the (average) semi-elasticity

semElaSE <- drop( sqrt( t( derivCoef ) %xY% vcovCoef %xJ, derivCoef ) )
# prepare object that will be returned

result <- c( semEla = semElaAvg, stdEr = semElaSE )

return( result )

)T

, argument xShares = s = (51,...,3M)T

, and an optional argument xCoefSE = § =

bl

)T

(se (61),...,8e(dp))".

#
el

el

##
##

#
el

el

##
#Hit

Ezample

al3a <- linElaInt( xCoef = c( 0, 0.22, 0.05, 0.6 ),
xShares = ¢c( 0.35, 0.4, 0.12, 0.13 ),

xBound = c( 0, 500, 1000, 1500, Inf ) )

a3a

semEla stdEr
0.0326 NA
Ezample

a3b <- linElaInt( xCoef = c( 0, 0.22, 0.05, 0.6 ),
xShares = c( 0.35, 0.4, 0.12, 0.13 ),

xBound = c( 0, 500, 1000, 1500, Inf ),

xCoefSE = c( 0, 0.002, 0.005, 0.001 ) )

a3b

semEla stdEr
0.032600000 0.002600692



1.3. Effects of continuous variables when they change between discrete intervals

As in section 1.1, we assume a regression equation:

K
y="PR0+ Y Brrr +u, (28)
k=1
in which all explanatory variables x1,...,xx are continuous and also all other variables and

coefficients are defined as above. In this section, we derive the (approximate) effects of a
variable x, on y if this variable changes between M > 2 discrete intervals (e.g., age categories),
e.g., from a ‘reference’ interval [ to an interval of interest m:

Eymi =E[ylom—1 < @, < by x—i] — Elylbi—1 < @ < by, o] (29)
=Bo+ Y Bizj+ BElwklbm-1 < zp < b (30)
jell, .. KNk
— Bo — Z Bjx; — PrExgbi—1 <z < by
je{l, KNk

=Bk (Tkm — Tr1) 5 (31)
where x_p = (x1,...,Tk_1,Tp41,TK) | is a vector of all explanatory variables except for xy,

bo, . ..,byr are the boundaries of the intervals of variable xj, and
Tpm = Eleg|bpm—1 < xp <bp|Vm=1,...,M (32)

are the expected values of variable x; within specific intervals. If the expected values of
variable x; for specific intervals are unknown, it may be appropriate to approximate them by
the mid-points of the respective interval boundaries (e.g., if the variable x has approximately
a uniform distribution between the respective interval boundaries):

b1 + b
Ekmz%—i_mezl,...,M. (33)

If the model specification additionally includes a quadratic term of the explanatory vari-
able k, e.g., zp4+1 = 77, equations (29) to (31) change to:
By =E[ylbm—1 < 2 < by w] — Elylbi—1 < xp < by, g (34)
=Bo + > Bjx; (35)
Je{l K\ {k,k41}
+ BrE[xk]bm-1 < Tk < bp) + Bri1 B[zt |bm_1 < 1 < by
— Bo — > Bjx;
Je{Ll, . K}\{k,k+1}
— BpBlaklbi—y <z, < bi] — Bepr Elag|bi—y <z, < by

=B (Fm — Tw) + B (aF,, — 771 (36)

with -
ximEE[a}ﬂbm,l<xk§bm]Vm:1,...,M. (37)



If £ [:U%|bm,1 < xk < by, is unknown, it may be appropriate to approximate it by assuming
that variable xj has approximately a uniform distribution between each pair of subsequent
interval boundaries so that its probability density function between boundaries b,,_1 and b,,

is 1/ (b — by_1):

Ao [ A an (58)
— el Z: (39)

3 _ 13
3 ?gfn bzzrfl)‘ w

An approximate standard error of the effect Ej, ,,,; calculated by equation (31) or (36) can
be obtained—as above—with the Delta method:

T

0

D) < Bk Bk—f—l < Bk > '
Br+1 Br+1
where se (Ej, ;) indicates the (approximate) standard error of Ej ,,;, Var ((Bk, 5k+1)T) indi-

cates the variance-covariance matrix of the estimates of 8y and (i1, the first element of the
partial derivative of the effect Ej, ,,; w.r.t. the coefficients is:

5Ek ml _ _
" = Tpm — T 43
98, k Kl ( )

and the second element of this partial derivative is zero if there is no quadratic term of xy (so
that the effect is calculated by equation 31) and it is:

8l?lf,ml _ CCT
OBr11 km

if there is a quadratic term of zj (so that the effect is calculated by equation 36). If the
covariance between S and 11 is unknown, one ccould assume that it is zero.

— a3 (44)

The following code defines a helper function that calculates x%m according to equation (41):

EXSquared <- function( lowerBound, upperBound ) {
result <- ( upperBound~3 - lowerBound~”3 )/( 3 * ( upperBound - lowerBound ) )
return( result )

}

with arguments lowerBound = b,,—; and upperBound = b,, the lower and upper boundaries
of the interval, respectively.

10



Using helper functions EXSquared (equation 41) and elaIntBounds (checking arguments
refBound and intBound), the following function calculates the effect Ej, ,,,; and its approximate
standard error se (F) according to equations (31), (33), (36), and (42) to (44):

1inEffInt <- function( xCoef, refBound, intBound,
xCoefSE = rep( NA, length( xCoef ) ) ){
if( ! length( xCoef ) %in% c( 1, 2 ) ) {
stop( "argument 'xCoef' must be a scalar or vector with 2 elements" )
¥
refBound <- elalntBounds( refBound, 1, argName = "refBound" )
intBound <- elalIntBounds( intBound, 1, argName "intBound" )
if( length( xCoef ) != length( xCoefSE ) ) {
stop( "arguments 'xCoef' and 'xCoefSE' must have the same length" )
}
if ( length( xCoef ) == 1) {
xCoef <- c( xCoef, 0 )
xCoefSE <- c( xCoefSE, 0 )

}

# difference between the zBars of the two intervals
xDiff <- mean( intBound ) - mean( refBound )
# difference between the zSquareBars of the two intervals
xSquaredDiff <-

EXSquared( intBound[1], intBound[2] ) -

EXSquared( refBound[1], refBound[2] )
# effect E_{k,ml}
eff <- xCoef[1] * xDiff + xCoef[2] * xSquaredDiff
# partial derivative of E_{k,ml} w.r.t. the beta_k and beta_{k+1}
derivCoef <- c( xDiff, ifelse( xCoef[2] == 0, 0, xSquaredDiff ) )
# variance covariance of the coefficients (covariances set to zero)
vcovCoef <- diag( xCoefSE~2 )
# approzimate standard error of the effect
effSE <- drop( sqrt( t( derivCoef ) %x¥% vcovCoef %x} derivCoef ) )
# object to be returned
result <- c( effect = eff, stdEr = effSE )
return( result )

with argument xCoef = B, or (B, Bry1) ' the coefficient(s) or marginal effect(s) of interest,
refBound = (b;_1,b;) the boundaries of the reference interval, intBound = (by,—1,bm)
the boundaries of the interval of interest, and optional argument xCoefSE = se(fy) or
(se (Br),se (Brs1)) " the standard error(s) of the coefficient(s) or marginal effect(s) of interest.

# Example

# model equation that 2s linear in z_k

effla <- 1inEffInt( 0.4, refBound = c( 19, 34 ), intBound = c( 35, 55 ) )
effla

11



## effect stdEr
#it 7.4 NA

efflb <- 1linEffInt( 0.4, refBound = c( 19, 34 ), intBound = c( 35, 55 ),
xCoefSE = 0.03 )
efflb

## effect stdEr
## 7.400 0.555

eff2a <- 1inEffInt( c( 0.4, -0.0003 ),
refBound = c( 19, 34 ), intBound

c( 35, 55 ) )
eff2a

## effect stdEr
## 6.9988 NA

eff2b <- linEffInt( c( 0.4, -0.0003 ),

refBound = c( 19, 34 ), intBound = c( 35, 55 ),
xCoefSE = c( 0.002, 0.000001 ) )
eff2b
## effect stdEr
## 6.99880000 0.03702416
1.4. Grouping and re-basing categorical variables
We consider a regression model:
Yy = /80 + Z /Bjxj + Z Om D + u, (45)
Je{l, . KP\k me{l,... My\m*
1 ifxpec
Dy, = FET oy m=1,..., M, (46)
0 otherwise

where the variable of interest, xj, is a categorical variable with M mutually exclusive categories
C1y...,cy with ¢, Nep = 0V m # [, category ¢+ is used as reference category, and all other
variables and coefficients are defined as above. For notational simplification of the following
derivations, we define the (non-estimated) coefficient of the reference category to be zero, i.e.,
Om+ = 0.

We want to obtain the effect of a change of variable z; from a reference category c; to a
category of interest cj:

Ek,lr = E[y‘xk € Cﬂ - E[y|xk € C:L (47)
where categories c¢; and/or ¢ may comprise multiple original categories ci,...,cpr. Vec-
tors v, = (Vp1,...,veas) " and vy = (vp,...,vpr) " indicate, which of the original categories

12



c1,...,cp are included in categories ¢ and ¢, respectively:

1 if ey -
S e €y 1 Mine {1} (48)
0 ifenéc

In the following, we derive the effect of a change of variable xj, from a reference category c;
to a category of interest ¢}, Ej . as defined in equation (47):

Ey i =E[y|lzy € ] — Elylay, € c;] (49)
M

=Bo+ Y. Biwi+ D OnE[Dplzy € ] (50)
je{l,... K\k m=1

M
—Bo— > Bizj— Y 6mE[Dpmlay € c]]

je{l,...K\k m=1
M
= Om (E[Dmla € ¢f] — E[Dlay € ) (51)
m=1
M
= 6m (Dt = Drny) (52)
m=1
with
Dy = E[Dyy |y € €] (53)
:P(Dm:1ﬂl‘k662) (54)
Pz € ¢)
_ E[Dy,] vam (55)
P(xy € )
vanm
== (56)
22/1:1 SkUnk
Vm=1,...,M;n € {r},
where s,, = E[D,,] ¥V m = 1,..., M are the shares of observations, where variable zj, is in

category c,.

The delta method can be used to calculate approximate standard errors of Fj ;.. When
setting all covariances between the coefficients to zero, an approximate standard error of Ej ;,
can be obtained by:

M
se (Egar) ~ | > (s (6m) (Dt = Dnr))?, (57)

m=1

where se (d,,) are the standard errors of the estimates of d,,. The standard error of the non-
estimated coefficient of the reference category m* is set to zero, i.e., se (6p+) = 0.

As an illustrative example, we assume that variable x; has M = 5 categories, whereas
the first category is used as reference category in the regression model, i.e., m* = 1 and
61 = 0, and we want to measure the effect of variable x; changing from the combined reference

13



category {3,4} to the combined category of interest {1,2} so that v, = (0,0,1,1,0)" and
v =(1,1,0,0,0)":

s 0 s 0
Ey 1.2} 3,4y =01 ( Lo > + 09 ( 2 ) (58)

S1+ 82 83+ S84 §1+ 82 S3+ 84

0 s 0 s
+ 03 — 3 + 04 - 1
s1+s2  s3+ 84 81+ 82  S3+ 84

0 0
+ 05 —
§1+s2 83+ 84

:82'62 _ 83'53 _ 84-54 (59)
s1+82  S3+sSs Szt sS4

with approximate standard error:

B s9 - se (02) 2_ sg - se (03) 2_ sq-se(04) )
se (B (1,2} (3.4)) = \/(—31 g ) (—33 nyy ets ) (60)

The following function calculates the effect Ej ;. and the its standard error according to
equations (52), (56), and (57):

linEffGr <- function( xCoef, xShares, Group,
xCoefSE = rep( NA, length( xCoef ) ) ){
if ( sum( xShares ) > 1 ){
stop( "the shares in argument 'xShares' sum up to a value larger than 1" )
}

if ( length( xCoef ) != length( xShares ) ){
stop( "arguments 'xCoef' and 'xShares' must have the same length" )
}

if ( length( xCoef ) != length( Group ) ){
stop( "arguments 'xCoef' and 'Group' must have the same length" )
}

if( ! all( Group %in% c( -1, 0, 1) ) ){
stop( "all elements of argument 'Group' must be -1, 0, or 1" )
}

# D_mr

DRef <- xShares * ( Group == -1 ) / sum( xShares[ Group == -1 ] )
# D_ml

DEffect <- xShares * ( Group == 1 ) / sum( xShares[ Group == 1] )
# effect: sum of delta_m * ( D_ml - D_mr )

effeG <- sum( xCoef * ( DEffect - DRef ) )

# approxzimate standard error

effeGSE <- sqrt( sum( ( xCoefSE * ( DEffect - DRef ) )2 ) )
result <- c( effect = effeG, stdEr = effeGSE )

return( result )

with argument xCoef = (d1,...,8x7)" a vector of coefficients of the categorical variable of

interest, where the coefficient of the reference group is set to 0, argument xShares
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= (s1,...,50) " a vector of the corresponding shares of each category, argument Group =

(D1 —Diyy...,Dpyp— DMr)T a vector consisting of —1s, Os, and 1s, where a —1 indicates that
the category belongs to the reference category, a 1 indicates that the category belongs to the
category of interest, and a zero indicates that the category is neither in the base category nor
in the category of interest, and optional argument xCoefSE = (se (61),...,se(dy)) ", where
the standard error of the coefficient of the reference group is set to 0. Elements of
arguments xCoef, xShares, Group, and xCoefSE that belong to a category that is neither in
the reference category nor in the category of interest, i.e., categories m with D,,, = D, = 0,
can be omitted but the ommission must be consistent for all four arguments.

# Example:

eff3a <- 1inEffGr( xCoef = c( 0, 0.2, 0.04, 0.06, 0.3 ),
xShares = c( 0.14, 0.35, 0.3, 0.01, 0.2 ),
Group = c( -1, 1, -1, -1, 0 ) )

eff3a

## effect stdEr
## 0.172 NA

# Example:

eff3b <- 1inEffGr( xCoef = c( 0, 0.2, 0.04, 0.06, 0.3 ),
xShares = c¢( 0.14, 0.35, 0.3, 0.01, 0.2 ),
Group = ¢c( -1, 1, -1, -1, 0 ),
xCoefSE = ¢( 0, 0.0001, 0.002, 0.05, 0.09 ))

eff3b

#it effect stdEr
## 0.172000000 0.001738489

# Exzample:

eff3c <- 1inEffGr( xCoef = c( 0, 0.2, 0.04, 0.06 ),
xShares = c¢( 0.14, 0.35, 0.3, 0.01 ),
Group = c( -1, 1, -1, -1 ))

eff3c

## effect stdEr

## 0.172 NA

# Example:

eff3d <- 1linEffGr( xCoef = c( 0, 0.2, 0.04, 0.06 ),
xShares = c¢( 0.14, 0.35, 0.3, 0.01 ),

Group = c( -1, 1, -1, -1 ),
xCoefSE = c( 0, 0.0001, 0.002, 0.05 ))
eff3d

#it effect stdEr
## 0.172000000 0.001738489
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2. Binary probit model, multivariate probit model, and ordered
probit model

2.1. Semi-elasticities from continuous explanatory variables (linear and quadratic)

The (binary) probit model with continuous explanatory variables is specified as:

K
Pr(y=1Jz) =@ | fo + Zﬂjajj , (61)
j=1
where y € {0,1} is a binary dependent variable, x = (x1,...,2x)" is a vector of K continuous

explanatory variables, 8 = (Bo,...,BK)" is a vector of K + 1 unknown coefficients, and ®(-)
is the cumulative distribution function of the standard normal distribution.
The semi-elasticity of the kth (continuous) explanatory variable is:

_ oPr(y=1)

K
€k T & | Bo+ > Bizy | - Braw, (62)

Jj=1

where ¢(+) is the probability density function of the standard normal distribution. The inter-
pretation of the semi-elasticity € is identical to the one described in section 1.1. The value of
the semi-elasticity €, depends on the values of all explanatory variables x1,...,zx. In order
to obtain a ‘representative’ single value of this semi-elasticity, it is usually calculated at the
sample mean values of the explanatory variables z1,...,Tg.

In case of binomial or multinomial probit models with two or more dependent variables
Y1,---,YN, we only calculate the marginal effects of x; on the unconditional expecta-
tions Elyn|zi,...,xx] (and disregard marginal effects on the conditional expectations
Elynlz1, -y ZK Y1y« yYn—1,Yn+1,---, Yk ). This has the advantage that we can ignore the
interrelations between the regression models for the different dependent variables and obtain
the semi-elasticities in the same way as for the univariate probit model, i.e., we can ignore
the coefficients of the regression models for the other dependent variables as well as the
coefficients of correlation between the error terms. Hence, equation (62) still applies.

The ordered probit model, where the dependent variable can have P distinct and strictly

ordered values, i.e., y € {1,..., P}, can be specified as:
K K
Priy=p)=® [ mp— Y Bjz; | =@ (1 — > Bjz; | Ype{l,....,P},  (63)
j=1 J=1
where pg, ..., up are the break points, of which pug = —oo, up = oo, and uq,...,up_1 are

unknown and, thus, need to be estimated. We create a new binary dependent variable y* by
dividing the P distinct values of the dependent variable y into two categories:

.o ifye{r,...p—1
, :{ { } (69

1 ifye{p"...,P}
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with p* € {2,..., P}. This reduces the ordered probit model to a binary probit model:

Pr(y*=1)= Pr(y e {p*,...,P}) (65)

P K
Z Q| pp Zﬁjxj Q| pp—1 Zﬁﬂf] (67)
p=p* j=1 J=1
P P
Z Q| pp— Zﬁj% - Z | pp1— Zﬁ]xj (68)
p=p* p=p*
P K
Z ® Zﬁjxi Z D pp — Zﬁj% (69)
p=p* Jj=1 p=p*—1
K K
=@ [ pp =Y Bjwi | =@ | w1 — > Bz (70)
j=1 j=1
K
= (00) =@ | ppr1— Y By (71)
j=1
K
j=1
K
=@ —ppo1+ ) By |, (73)
j=1

where the intercept of the binary probit model is equal to the negative value of the break point
that separates y* = 0 from y* =1, i.e., By = —,up*,l.Q Hence, we can derive the semi-elasticity
in the same way as for the binary probit model, i.e., by applying equation (62).

If the model specification additionally includes a quadratic term of the explanatory variable
k,eg., Tpi1 = :rz, the semi-elasticity of this explanatory variable is:

ekz(ma(i:l)-wk— ﬁme (Bwr +2Bp4177), (74)

7j=1

In order to calculate the standard errors of the marginal effects (and semi-elasticities) of a
probit model, it is common to apply the Delta method as indicated in equation (5). But as in
most cases the variance-covariance matrix of the regression coefficients is unknown, standard
errors can only be approximated through a simplified Delta method that sets all covariances to
zero. However, we conducted simulations that show that setting all covariances to zero leads
to standard errors that are much larger than correctly calculated standard errors (i.e. using the

2If the ordered probit model is estimated with intercept, say, 35 and (for identification) by normalising the
first (internal) break point to zero, i.e., u1 = 0, the ordered probit model can be simplified to a binary probit
model with intercept 8o = B — pp=—1.-
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estimated covariances rather than setting them to zero). In contrast, our simulations indicated

that simplifying the calculation of the standard errors by assuming that ¢ (50 + ZJK: 1 ﬁjazj> is

a constant, i.e., assuming J¢ (ﬁo + ZJK:1 Bjxj> /0B =0V n=0,...,K, gives standard errors
that are much closer to correctly calculated standard errors than including the full gradient
vector of equation (62) with respect to the coefficients. Under this simplifying assumption,
only one element of the gradient of equation (62) with respect to the coefficients is non-zero:

Oep,

K
25 = ° Bo+ > Bwj | - an (75)

J=1

and an approximate standard error of €, can be obtained by:

K K
se (Ek) = ¢ ,80 + Z ﬁjmj Tl - Var (,Bk) . (b ,60 + Z ,Bjxj Tk (76)
j=1 j=1
K
=¢ | Bo+ > Bjms | - ax-se(Br), (77)
j=1

where se () is the standard error of the coefficient of interest.
If the variable of interest enters the regression equation in quadratic form as defined in
equation (74), the simplified gradient vector has two non-zero elements:

ey, ¢ <60 * Zf:l ﬁjxj) FEk

o ) (78)
’ (ﬁfi) o (8o + il Byay) - 208
and an approximate standard error can be calculated by:
T
se(er) = || —2% | var (%k /Bk0+1> e | )

Br ) ( Br >
0 0
(ﬂk+1 Br+1
Using the helper functions checkXPos (checking argument xPos, see appendix A) and
checkXBeta (checking 5y + Z;{: 1 Bjx; for plausible values, see appendix A), the following

function calculates the semi-elasticity, €, and the corresponding standard error according to
equations (62), (74), (78), and (79):

probEla <- function( allCoef, allXVal,
allCoefSE = rep( NA, length( allCoef )), xPos ){
nCoef <- length( allCoef )
if ( nCoef != length( allCoefSE ) ) {
stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
}
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if ( length( allCoef ) != length( allXVal ) ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}
checkXPos( xPos, minLength = 1, maxLength = 2, minVal = 1, maxVal = nCoef )
if( length( xPos ) == 2 ){
xCoef <- allCoef[ xPos ]
xCoefSE <- allCoefSE[ xPos ]
if ( 'isTRUE( all.equal( allXVal[ xPos[2] ], allXVall xPos[1] 172 ) ) ) {
stop( "the value of 'allXVal[ xPos[2] ]' must be equal",
"to the squared value of 'allXVal[ xPos[1] 1' " )
}
} else if( length( xPos ) == 1) {
xCoef <- c( allCoef[ xPos ], 0 )
xCoefSE <- c( allCoefSE[ xPos ], 0 )
} else {
stop( "argument 'xPos' must be a scalar or a vector with two elements" )
}
xVal <- allXVal[ xPos[ 1 ] 1]
xBeta <- sum( allCoef * allXVal )
checkXBeta( xBeta )
dfun <- pnorm( xBeta )
semEla <- ( xCoef[ 1 ] + 2 * xCoef[ 2 ] * xVal ) * xVal * dfun
derivCoef <- c( dfun * xVal,
ifelse( length( xPos ) == 1, 0, dfun * 2 * xVal™2 ) )
vcovCoef <- diag( xCoefSE~2 )
semElaSE <- drop( sqrt( t( derivCoef ) %xY vcovCoef ¥%x*} derivCoef ) )
result <- c( semEla = semEla, stdEr = semElaSE )
return( result )

with argument allCoef = (fy,...,BK) ", or alternatively in the case of an ordered probit
model allCoef = (—up*_l,ﬁl,...,ﬂK)T, a vector of all coefficients; argument allXVal =
(1,21,...,25)" a vector of the values of all corresponding explanatory variables including the

intercept (e.g., their sample means); argument xPos = k+1 or (k+1,k+2)" a scalar or vector
with two elements that indicates the position of the variable of interest and its coefficient and
eventually the position of the squared variable of interest and its coefficient in vectors al1XVal
and allCoef;® and optional argument allCoefSE = (se(f),...,se(Bx))" or alternatively
in the case of an ordered probit model all1CoefSE = (se (m+_1),5e (B1),...,se (Bx))",* the
standard errors of the coefficients.

# Example
elada <- probEla( c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),

3Tf argument xPos is a scalar, equation (74) simplifies to equation (62) and equations (78) and (79) simplify
to equation (77).

“Note that se(—pm=—1) = Var (—fm=—1) = \/(3(—Mm*—1)/3um*—1)2 Var (fim=—1) =
EDPVar G 1) = /Y (e 1) = € (time —1).
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c(1, 2.34, 3.3, 3.372, 0.0, 0.987 ),

xPos = 2 )
elada
## semEla stdEr
## 0.06417908 NA

eladb <- probEla( c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),
c( 1, 2.34, 3.3, 3.372, 0.0, 0.987 ),

c( 0.032, 0.004, 0.00001, 0.034, 0.0009, 0.056 ),
xPos = 2 )

eladb

## semEla stdEr

## 0.06417908 0.00855721

eladc <- probEla( c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),
c(1, 2.34, 3.3, 3.372, 0.0, 0.987 ),
c( 0.032, 0.004, 0.00001, 0.034, 0.0009, 0.056 ),
xPos = c( 3, 4 ))

eladc

## semEla stdEr
## 1.334162 0.677007

2.2. Semi-elasticities from interval-coded explanatory variables

Probit model, where the kth explanatory variable is interval-coded:

Priy=1lz) =2 ( B+ Y. Bzj+ Y. 6mDm (80)
je{l,...K\k me{l,...,.M¥\m*
b _ {1 if b1 < 2 < by

] Vm=1,...,M, (81)
0 otherwise

where all variables and coeflicients are as described in section 1.2.
As described in section 1.2, the semi-elasticities of the interval-coded variable x; can be
calculated as weighted averages by equation (22)

M-1
_ OE[y]
€ = 8xk T ~ Z Wm, €km (82)
m=1
with weights wi,...,was—1 as defined in equation (21). However, in contrast to section 1.2,
the numerators of the semi-elasticities €, around each inner boundary by,...,by;—1 defined
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in equation (11) cannot be simplified to differences between coefficients so that the derivations
from equation (11) to equation (15) become:

E[y|bm < xR < bm+1] - E[y|bm71 <z < bm}
Elzg|bm < 1 < bimt1] — Elzg|bm—1 < 2 < by

) i (/30 + 2 jeqn, ke BT + 5m+1) - (50 + 2 jeqn, kg BT + 5m)

berl - bmfl

~

€km ~

bm (83)

: bm (84)

Vvm=1,...,M —1.

An approximate standard error of the semi-elasticity of interval-coded explanatory variables
of probit models defined in equations (82) and (84) can be obtained by using the Delta-method:

se () = 8(5(16]1“) Var ( ? ) a<6€§>’ (85)

where se (¢) indicates the (approximate) standard error of €, Var ((ﬁT 5T)T> indicates the

. . . . . T .
variance-covariance matrix of the estimates of the coefficient vector (ﬂT 5T) , and the gradient

vector 1is:
M-1

m=1 0

o) = ()

with the elements of the gradient vectors deg,,/0(BT67)":
86km . 2 ((bm—i-l - (bm) bm

B0 bmi1 —bm—1 (87)
85;:”‘ =2 wzﬂi:f;ﬁf bmy e (1, K\ k (88)
G = il (89)
8(?5?1 B bif? jlbfjil (90)
886(1;::0Vne{1,...,M}\{m7m+1} (91)

with
&m = | Bo+ Z Bixj+0m | Vm=1,....M (92)

Ge{l, K\k

In the case of the ordered probit, one can simply replace Sy by —,+—1 in equation (92) (see
section 2.1):

Sm=0¢ | —tp1t+ D>, Bixj+om | Ym=1,.. M. (93)
je{l K\ k
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Using the helper functions elaIntWeights (equation 21), elaIntBounds (equation 20),
checkXPos (checking argument xPos, see appendix A), and checkXBeta (checking
Bo + et .k Bi%i + Xmeqr,. . mpmr OmDm for plausible values, see appendix A),
and function 1inElaInt (section 1.2), the following code defines a function that calculates the
semi-elasticity defined in equations (82) and (84) and its approximate standard error defined
in equations (85) to (92):

probElaInt <- function( allCoef, allXVal, xPos, xBound,
allCoefSE = rep( NA, length( allCoef ) ) ){
# number of coefficients
nCoef <- length( allCoef )
# number of intervals
nInt <- length( xPos )
# checking arguments
if( length( allXVal ) != nCoef ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}
if( length( allCoefSE ) != nCoef ) {
stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
}
checkXPos( xPos, minLength = 2, maxLength
minVal = 0, maxVal = nCoef, requiredVal
if ( any( allXVall xPos ] < 0 ) ) {
stop( "all elements of argument 'allXVal'",
" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must be non-negative" )

nCoef,
0)

}

if( sum( allXVall[ xPos ] > 1) ) {
stop( "the sum of the elements of argument 'allXVal'",
" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must not be larger than one" )
}
# check 'zBound' and replace infinite values
xBound <- elaIntBounds( xBound, nInt )
# vector of probabilities of y=1 for each interval and
# wector of shares of observations in each interval
xBeta <- shareVec <- rep( NA, nInt )
for( i in 1:nInt ){
allXValTemp <- replace( allXVal, xPos, 0 )
if ( xPos[i] !'= 0 ) {
allXValTemp[ xPos[i] ] <- 1
shareVec[ i ] <- allXVal[ xPos[ i ] ]

}

xBetal[ 1 ] <- sum( allCoef * allXValTemp )
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shareVec[ xPos == 0 ] <- 1 - sum( shareVec[ xPos != 0 ] )
checkXBeta( xBeta )
phiVec <- pnorm( xBeta )
# weights
weights <- elaIntWeights( shareVec )
# calculation of the semi-elasticity
semEla <- linElaInt( phiVec, shareVec, xBound )
### calculation of its standard error
# partial derivatives of each semi-elasticity around each boundary
# w.r.t. all estimated coefficients
gradM <- matrix( O, nCoef, nInt - 1 )
gradPhiVec <- dnorm( xBeta )
for(m in 1:( nInt - 1 ) ) {

gradM[ -xPos, m ] <- 2 * ( gradPhiVec[m+1] - gradPhiVec[m] ) *

allXVal[ -xPos ] * xBound[m+1] / ( xBound[m+2] - xBound[m] )
gradM[ xPos[m], m ] <- - 2 * gradPhiVec[m] * xBound[m+1] /
( xBound [m+2] - xBound[m] )
gradM[ xPos[m+1], m ] <- 2 * gradPhiVec[m+1] * xBound[m+1] /
( xBound [m+2] - xBound[m] )

}
# partial derivative of the semi-elasticity
# w.r.t. all estimated coefficients
derivCoef <- rep( 0, nCoef )
for( m in 1:( nInt - 1 ) ){

derivCoef <- derivCoef + weights[m] * gradM[ , m ]
}
# wvariance-covariance matriz of the coefficiencts
vcovCoef <- diag( allCoefSE"2 )
# standard error of the (average) semi-elasticity
semElaSE <- drop( sqrt( t( derivCoef ) Y%x% vcovCoef ¥%x% derivCoef ) )
# prepare object that will be returned
result <- c( semEla[l], stdEr = semElaSE )
return( result )

where argument allCoef = (Bo,..., k-1, O1y---s0m*—1s Omr41y--->00M; Bktls--- ,ﬂK)T,
or alternatively in the case of the ordered probit model allCoef = (—pp+—1,01,...,Bk-1,
81y Om*—1, Omeits--00, Brst,---,BK) ", specifies the vector of all coefficients; ar-
gument allXVal = (1,21,...,2Z%—1, S1s---Sm*—1,Sm*ils---sSM> Thil,---TK) 1S a

vector of corresponding values of the explanatory variables (including shares of obser-
vations in each interval of variable xj except for the reference interval m™*); argument
xPos = (k+1,...,k + m* — 1,0,k + m*,...,k + M — 1) is a vector indicating the po-
sitions of the coefficients 01,...,d) and shares si,...,s)s of each interval in the vectors
allCoef and allXVal, whereas the position of the reference interval m* is set to zero;
argument xBound = (by,...,by)" indicates the boundaries of the intervals as in function
linElaInt; and optional argument allCoefSE = (se (fp),...,se (Bk—1), se (01),...,5€ (Om=—1),

23



se (Omei1), ... 5€(0ar), se(Brr1),...,se(Bk))T, or alternatively in the case of an or-
dered probit model allCoefSE = (se (ftm*—1),8€(51),...,5€(Br-1), se(d1),...,se (Im*—1),

se (Omri1),s ... 8¢ (0ar), se (But1), ... se(Br)) T, specifies the standard errors of all coefficients
in allCoef.
elaba <- probElaInt( allCoef = c( 0.33, 0.22, 0.05, 0.6 ),

elaba

elabb

elabb

##

semEla
.03693385

allXVal = c( 1, 0.4, 0.12, 0.13 ),
xPos = c( 2, 0, 3, 4 ),
xBound = c( 0, 500, 1000, 1500, Inf ))

stdEr
NA

<- probElaInt( allCoef = c( 0.33, 0.22, 0.05, 0.6 ),

semEla
## -0.036933851

allXVal = c( 1, 0.4, 0.12, 0.13 ),

xPos = c( 2, 0, 3, 4),

xBound = c( 0, 500, 1000, 1500, Inf ),

allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ))
stdEr

0.008957439

2.3. Effects of continuous variables when they change between discrete intervals

As in section 2.1 we assume the following model:

K
Pry=1lz) =® | Bo+ Y Bz; |, (94)
j=1

In order to derive the (approximate) effect of a continuous variable zj on Pr(y = 1) given
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that zj changes between M > 2 intervals, we modify equation (31) into:

Epmi = Elylbm-1 < xp < byp| — Eylbi—1 <z < by (95)
~ o ﬁg + Z ﬂjl‘j + Bk E[l‘k’bmfl <z < bm] (96)
je{l, . KN\k
- (50 + Z Bjxj + B Eleg|bi—y < xp < bl])
jefl, KWk
=0 (Bot+ D> Bizj+ BeTam (97)
jefl, KWk

—® | Bo+ > Bzt BTk |

Ge{l, . K\k

where Ty, = Elxg|bm—1 < xx < by ¥V m =1,..., M can be approximated by the mid-points
of the intervals as indicated by equation (33).5

For model specifications that additionally include a quadratic term of the explanatory vari-
able, equation (36) modifies to:

Eymi = Elylbm—1 < 2 < by, x_i] — Ely|lbi—1 < xp < by, 2] (98)
~ P (ﬁo + Z Bjx; (99)
Jefl K\ [k b1}

+ Be B[k |bm—1 < Tk < bp] + Brr1 Bl bm_1 < zf < bm]>

- o <5o + > Bjx;

je{1,...K}\{k,k+1}

+ BeElzilbi—y < < b] + Besr Elaj|bi—1 < @ < bl])

=@ | B+ > Bix; + BrErm + Bry122km (100)
G K\ {k 1}

—® | Bo+ Z Bixj + Braw + Brr1x? |
Je{l,.. . K\ {k,k+1}

where Ty, = Elrglbm-1 < xp < by] and 22, = E[xi|bm_1 <z <bpl Ym=1,...,.M
remain the same as outlined in section 1.3.9 If the values of Zy,, and z2},, are unknown, they
can again be approximated by equations (33) and (41), respectively.

5 The derivation from equation (95) to equation (96) is approximate only. This derivation would be exact
if the cumulative distribution function of the normal distribution ®(-) would be linear but this function is
clearly non-linear.

6See footnote 5 regarding the approximate derivation from equation (98) to equation (99).
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In order to calculate the approximate standard error of Ej ,,, we again apply the Delta

method:
B\ | Em
se (Ejmi) = \/ (%—’}j) - Var (8) - aa—’gl, (101)
where the elements of the gradient vector OF}, ,,,; /08 are:
OBy mi
m 102
O0Fg m .
82{ L (¢ —d)a;Vje{l,. ... k—1k+2,. .. K} (103)
j
OEg mi _ _
d = QOm Thkm — x 104
a5, Gm Thm — D1 Thl (104)
8E%nﬂ ) )
e B — @ 105
BBrss Gm T2 gm — Q1 TR (105)

with ém = 6 (Bo + X jeqr,..aep g1y 5575 + B + B8 ) ¥ = 1., M.

If the covariances between the estimated parameters are unknown, we can approximate
equation (101) by assuming that the off-diagonal elements of the variance covariance matrix
are zero.

Using helper functions EXSquared (equation 41), elaIntBounds (checking arguments
refBound and intBound), checkXPos (checking argument xPos, see appendix A), and
checkXBeta (checking [y + 25{21 Bjx; for plausible values, see appendix A), the following
function calculates the effect and its standard error according to equations (97), (100), and
(101):

probEffInt <- function( allCoef, allXVal, xPos, refBound, intBound,
allCoefSE = rep( NA, length( allCoef ) ) ){
# number of coefficients
nCoef <- length( allCoef )
# check arguments
if( length( allXVal ) != nCoef ){
stop( "argument 'allCoef' and 'allXVal' must have the same length" )
}
if ( length( allCoefSE ) != nCoef ){
stop( "argument 'allCoef' and 'allCoefSE' must have the same length" )
}
checkXPos( xPos, minLength = 1, maxLength = 2, minVal = 1, maxVal = nCoef )
refBound <- elalntBounds( refBound, 1, argName = "refBound" )
intBound <- elaIntBounds( intBound, 1, argName = "intBound" )
if ( any( !is.na( allXVall xPos ] ) ) ) {
allXVal[ xPos ] <- NA
warning( "values of argument 'allXVal[ xPos ]' are ignored",
" (set these values to 'NA' to avoid this warning)" )

# calculate xBars
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intX <- mean( intBound )

refX <- mean( refBound )

if( length( xPos ) == 2 ) {
intX <- c( intX, EXSquared( intBound[1], intBound[2] ) )
refX <- c( refX, EXSquared( refBound[1], refBound[2] ) )

}

if( length( intX ) != length( xPos ) || length( refX ) != length( xPos ) ) {
stop( "internal error: 'intX' or 'refX' does not have the expected length" )

}

# define X' * beta

intXbeta <- sum( allCoef * replace( allXVal, xPos, intX ) )

refXbeta <- sum( allCoef * replace( allXVal, xPos, refX ) )

checkXBeta( c( intXbeta, refXbeta ) )

# effect E_{k,ml}

eff <- pnorm( intXbeta ) - pnorm( refXbeta )

# partial derivative of E_{k,ml} w.r.t. all estimated coefficients

derivCoef <- rep( NA, nCoef )

derivCoef[ -xPos ] = ( dnorm( intXbeta ) - dnorm( refXbeta ) ) *
allXVal[ -xPos ]

derivCoef[ xPos ] = dnorm( intXbeta ) * intX - dnorm( refXbeta ) * refX

# variance covariance of the coefficients (covariances set to zero)

vcovCoef <- diag( allCoefSE"2 )

# approxzimate standard error of the effect

effSE <- drop( sqrt( t( derivCoef ) ¥x*% vcovCoef %*} derivCoef ) )

# object to be returned

result <- c( effect = eff, stdEr = effSE )

return( result )

where argument allCoef = (fo,...,8k)', or alternatively for an ordered probit model
allCoef =:(—¢ﬁﬁ_1,ﬁlw..,ﬁK)T} is a vector containing all coefficients; argument allXVal
= (1,21,...,2x) " is a vector containing all values of the corresponding explanatory variables;

argument xPos = k + 1 or (k+ 1,k +2)" is a scalar or vector with two elements that indi-
cates the position of the variable of interest and its coefficient and eventually the position of
the squared variable of interest and its coefficient in vectors allXVal and allCoef; argument
refBound = (b;_1,b;) indicates the boundaries of the reference interval; argument intBound
= (bm—1,bm) indicates the boundaries of the interval of interest; and optional argument
allCoefSE = (se(fo),...,se(Br))", or alternatively for ordered probit models allCoefSE
= (se (pp=—1),8¢(B1),...,8e(BK)) ", is a vector of standard errors. Please note that the value
of z;, and—in case of an additional quadratic term—also the value of zp,1 = :z:z in argument
allXVal, i.e., allXVal[xPos], are not used in the calculations of the effect Ej ,,; or in the
calculation of its standard error and, thus, the value of x; and—if present—also the value of
Tp41 = o7 should be set to NA.

# Example
effd4a <- probEffInt( allCoef = c( 0.33, 0.22, 0.05, 0.6 ),
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allXVal = c( 1, NA, 0.16, 0.13 ),
xPos = 2,
refBound = c( 8, 12 ), intBound = c( 13, 15 ))

effda
## effect stdEr
## 0.004212184 NA

effdb <- probEffInt( allCoef
allXVal
xPos = 2,
refBound = c¢c( 8, 12 ), intBound = c( 13, 15 ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ) )

c(0.33, 0.22, 0.05, 0.6 ),
c( 1, NA, 0.16, 0.13 ),

effdb

## effect stdEr
## 0.004212184 0.005305154

# Exzample

effba <- probEffInt( allCoef c( 0.33, 0.22, 0.05, 0.006 ),
allXVal = c( 1, NA, NA, 0.13 ),
xPos = c( 2, 3),
refBound = c( 8, 12 ), intBound = c( 13, 15 ))

## Warning in checkXBeta(c(intXbeta, refXbeta)): At least one x’beta has an
implausible value: 13.2274466666667, 7.59744666666667

effba
## effect stdEr
## 1.509903e-14 NA

effbb <- probEffInt( allCoef c( 0.33, 0.22, 0.05, 0.006 ),
allXVal = c( 1, NA, NA, 0.13 ),
xPos = c( 2, 3),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ) )

## Warning in checkXBeta(c(intXbeta, refXbeta)): At least one x’beta has an
implausible value: 13.2274466666667, 7.59744666666667

effbb

## effect stdEr
## 1.509903e-14 9.799652e-14
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2.4. Grouping and re-basing categorical variables

We consider a regression model

Priy=1lz) = (fo+ > Bzj+ Y. 6mDnm (106)
je{l,... KP\k me{l,....M}\m*
1 ifxp €cp

D,, = Vm=1,...,M. 107
" {0 otherwise (107)

Like in section 1.4, the kth explanatory variable is coded into M mutually exclusive categories
Cly.-sCp, With e, N =0V m # 1, and Dy, ..., Dy the corresponding dummy variables.
In the case of a probit regression, equation (52) modifies to:

Eyir = Elylzy € ] — Elylzx € ¢]] (108)
M

=0 (fot+ D> Bizj+ Y 6mE[Dmlak € ¢f] (109)
je{1,.. . K\k m=1

M
—® | B+ D Bjxi+ ) SwE[Dulay € ]

je{l,.. . K)\k m=1
M
=0 (fot+ D>, Bizi+ Y 6mDm (110)
je{l,...KN\k m=1

M
—® | B+ Z ﬁjfj + Z Om Dy

je{l,.. K} \k m=1

where D, is defined as in equation (56). In the case of an ordered probit regression, [y in
equation (110) is again replaced by —fiy«_1.

In order to calculate the approximate standard error of the new effect Ej ., we again apply
the Delta method:

-
se (Egr) = OFir - Var <B> . aEk’lr, (111)
YL g o (P
0 0
with the partial derivatives defined as:
OFEk iy
I () — (- 112
S = () = G () (12)
) oy
55, = (Omi() = Omr() 7V € {1 KP K (113)
j
OFE) 1
aak’l = Gmi(-) Dot = Gy () Doy V=1, , M. (114)
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with

M

dmi()=¢ | Bo+ D Bimj+ Y 6mDm (115)
je{l, K P\k =1
M

() =0 | Bo+ Z Bz + Z Sm D (116)
je{l, KNk m=1

Using the same example as in section 1.4, equation (59) modifies to

(51'81 52'82 53'0 54-0 55-0
R {1213.4) fo + ) Z fis + 51+ S2 + 51+ S92 + 51+ S2 * 51+ S92 * 51+ S2
(117)
61-0 d2-0 03 -8 048 05 -0
i Z ﬁjxj+51~l—s +s2~|—5 +53—|—§+s4—|—;+55—|—5
el Kk 3 4 3 4 3 4 3 4 3 4
61-81+0d2-s
=B+ Z Bix; + % (118)
Ge{l,... . K}\k Loz
03 - 83+ 04 - S4
) + e e S
/BO Z /8] J 3+ 84

je{l, . KW\k

The following function calculates the effect Ej ;. and its standard error in accordance with
equations (110) and (111) to (116):

probEffGr <- function( allCoef, allXVal, xPos, Group,
allCoefSE = rep( NA, length( allCoef ) ) ){

nCoef <- length( allCoef )
xShares <- allXVal[ xPos ]
xCoef <- allCoef[ xPos ]
if ( sum( xShares ) > 1 ){

stop( "the shares in argument 'xShares' sum up to a value larger than 1" )
¥
if( length( xCoef ) !'= length( xShares ) ){

stop( "arguments 'xCoef' and 'xShares' must have the same length" )
}
if ( length( xCoef ) != length( Group ) ){

stop( "arguments 'xCoef' and 'Group' must have the same length" )
}
if( ! all( Group %in% c( -1, 0, 1) ) ){

stop( "all elements of argument 'Group' must be -1, 0, or 1" )

}
# D_mr
DRef <- sum( xCoef[ Group == -1 ] * xShares[ Group == -1 ]) /
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sum( xShares[ Group == -1 ] )
XBetaRef <- sum( allCoef[ -xPos ] * allXVal[ -xPos ]) + DRef

DEffect <- sum( xCoef[ Group == 1 ] * xShares[ Group == 1 1) /
sum( xShares[ Group == 1 ] )
XBetaEffect <- sum( allCoef[ -xPos ] #* allXVall[ -xPos ]) + DEffect

effeG <- pnorm( XBetaEffect ) - pnorm( XBetaRef )

derivCoef <- rep( NA, nCoef )
derivCoef[ -xPos ] = ( dnorm( XBetaEffect ) - dnorm( XBetaRef ) ) =*
allXVal[ -xPos ]
derivCoef[ xPos ] = dnorm( XBetaEffect ) * DEffect - dnorm( XBetaRef ) * DRef

vcovCoef <- diag( allCoefSE"2 )

effeGSE <- drop( sqrt( t( derivCoef ) %xJ, vcovCoef %x}, derivCoef ) )
result <- c( effect = effeG, stdEr = effeGSE )
return( result )

where argument allCoef = (Bo,...,Bk—1,01,--,00 Brt1,---,Px) or alternatively
allCoef = (—¢%ﬁ_1,61w..,ﬁk,l,éh...,5A4,Bk+1w..,5kﬂ7_ are the coefficients of the
probit regression or ordered probit regression, respectively, with the coefficient of the
reference group of the kth variable set to zero, i.e., §,,» = 0; argument allXVal
= (Z1y. .., Th—1, 815+ SM, Thal,---, LK) are the mean values of the respective explanatory
variables and the shares of each of the categories of the kth variable, which includes the
share of the reference group of the kth variable (s;,,-); argument xPos is a vector
of M elements indicating the positions of the coefficients d1,...,d3; in argument allCoef
and, equally, the positions of the shares si,...,sy in argument allXVal; argument Group
= (Dy—D1y,..., Dy — D) ' is a vector of M elements consisting of —1s, 0s, and 1s, where
a —1 indicates that the category belongs to the new reference category, a 1 indicates that the
category belongs to the new category of interest, and a zero indicates that the category belongs
to neither; finally optional argument allCoefSE = (se(fy),...,se (Bk—1), se(1),...,se (dnr),
se (Brs1),--..se(Br)) T, or alternatively in the case of an ordered probit model allCoefSE
= (se(ptm*—1),8¢ (B1),...,se(Be_1), se(61),...,se(ar), se(Brs1),...,se(Br))" are the
standard errors of all coefficients of the probit regression, where the standard error for
the reference group is included as zero, i.e., se(dy,+) = 0. Elements of arguments
allCoef, allXVal, xPos, Group, and allCoefSE that belong to a category that is neither in
the reference category nor in the category of interest, i.e., categories m with D,,, = D, = 0,
can be omitted but the ommission must be consistent for all five arguments.

Eff6a <- probEffGr( allCoef c( 0.28, 0.003, 0.0075, 0, -0.034, -0.005, 0.89,
allXVal = c( 1, 0.1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = ¢( 2:6 ), Group = c( 0, -1, -1, 1, 1) )

Eff6a
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#it effect stdEr
## -3.290613e-27 NA

Eff6b <- probEffGr( allCoef c( 0.28, 0.003, 0.0075, 0, -0.034, -0.005, 0.89, -1.2 ),
allXvVal = ¢c( 1, 0.1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = ¢( 2:6 ), Group = c( 0, -1, -1, 1, 1),
allCoefSE = ¢( 0.03, 0.0001, 0.005, 0, 0.01, 0.004, 0.05, 0.8 ))

Efféb

## effect stdEr
## -3.290613e-27 3.015010e-25

all.equal( Eff6a,
probEffGr( allCoef = c( 0.28, 0.0075, 0, -0.034, -0.005, 0.89, -1.2 ),
allXVal = c¢( 1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = c( 2:5 ), Group = c( -1, -1, 1, 1) ) )

## [1] TRUE

all.equal( Eff6b,
probEffGr( allCoef = c( 0.28, 0.0075, 0, -0.034, -0.005, 0.89, -1.2 ),
allXVal = c( 1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = ¢( 2:5 ), Group = c( -1, -1, 1, 1),
allCoefSE = c( 0.03, 0.005, 0, 0.01, 0.004, 0.05, 0.8 ) ) )

## [1] TRUE

3. Binary logit model, multinomial logit model, conditional logit
model, and nested logit model

3.1. Semi-elasticities from continuous explanatory variables (linear and quadratic)

Binary logit model with continuous explanatory variables:

Pr(y = 1|z) = exp (Bo + Zi(:l Brxk)

_ , 119
1—%exp(ﬁoﬁ-§:£;1ﬁk$k) o)

where y € {0,1} is a binary dependent variable, = (z1,...,2x) " is a vector of K continuous

explanatory variables, and 8 = (B, ..., k)" is a vector of K + 1 unknown coefficients.
The semi-elasticity of the kth (continuous) explanatory variable for the binary logit model
is:
OPr(y=1) _ exp (Bo + Yy Brn -
e = gf ) gy = ( Zk’Kl 7) 5 BTk (120)
Tk (14 exp (Bo + X pq BrTn))
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The interpretation is equal to the one described in section 1.1.
If zj, also enters equation (119) in quadratic form the semi-elasticity modifies to

exp (8o + Pk + P @2)
o — ke{l,....K}\k+1 17k 5 - (Bkjk + 26k+1£i) (121)

(1 +exp (Bo + 2peqr,... ko1 PeTr + ﬁkﬂfz))

To calculate the (approximate) standard error of ex, we again use the simplified Delta method
exp (Bo+3K | Br@)
(1+exp (Bo+>rey BrTk))>

as described in section 2.1, i.e., we assume the covariances to be zero and

to be a constant. The standard error then calculates as

_ exp (Bo + 31y Brlr)
se(ex) = 7 .
(1 +exp (Bo + D peq BrTr))?

exp (Bo + 34y Brn)

(1+exp (o + S0, Brin))?
(122)

- T - Var (f) -

e (ot B 123
(1+exp (Bo + b, Britr))? s () e

and in case of a quadratic covariate :?:%

exp (B0 + Ypequ,... xy\he1 BTk + Br1Ti)

3 " Tk
(1 +exp (Bo + Xkequ, ...k k1 BrTh + 5k+1i’z)>
aGk [ARAE]
—_— = (124)
0 < B > exp (Bo + Popeft,.... k1 BrTh + Brr17}) L
Br+1 5 2Ty,
(1 +exp (Bo+ Xpeqr,. kpk+1 Bl + 5k+1fi))
T
0 0
se (eg) = %k var < B ) LTk (125)
8<ﬁk> B+ a<ﬁk>
Br+1 Bre+1
The multinomial logit model with continuous explanatory variables:
K
exp(Bop + D k=1 BrpTh)
Pr(y =plz) =m = p+ 21 Brp K) (126)
L+ ZpG{l,...,P}\p* exp(Bop + k=1 BrpTk))
where y € {1,..., P} is a categorical dependent variable of which the base category, p+, is
set to zero, x = (x1,...,2x)" is a vector of K continuous explanatory variables describing
the characteristics of the choice taker and 8 = (Bop, ..., Kvp)T is a vector of K + 1 unknown
coeflicients.

The semi-elasticity of the kth (continuous) explanatory variable for the multinomial logit
model is:

_0Pr(y=p) _
N

ka =
=Ty ’ + Z (ﬁk,p - Bk,o)ﬂ'o * Tk
[1+ Zpe{l,A..,P}\p* exp(Bop + Zf:l Brp)] oe{1,..PY\{p,p*}

(127)
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This semi-elasticity can be interpreted as: if the k, pth explanatory variable inceases by one
percent, the probability that y belongs to category p instead of the base category, increases by
€k,p Percentage points.

If xy, also enters equation (134) in quadratic form,

exp(fo,p + Zke{l,...,K}\kJrl BrpTk + Brt1,pT7))

Pr(y = plz) = m, = . —— (128)
P+ > peitn . Phpr XPBop + Xpert kit BrpTr + Brr1,p77))
equation (127) modifies to
_9Pr(y=p) _
€k.p —T Tk
9 _
=, (Bk,p + ﬁk—i—l,pxk) _ - (129)
(142 peqr, Py €xXPBop + 2k, kPt BrpZh + Brr1,pTE)]

+ > ((Bep + 2Bk+1pTk) — (Bro + 2Bk+1,0Tk)) 0 | - Tk
06{1,---,P}\{p,p*}

To calculate the (approximate) standard error ey ,, we use a simplified Delta method, where
we again set all covariances between the s to zero and assume for the most part fixed factors
for the remaining terms. Hence,

Derp _ exp(Bop + Skt Brpr)) - (130)

Wrp 1+ Zpe{l,...,P}\p* exp(Bop + Zi{:l Brpi)]?
+p Z (ﬂk,p - /Bk,o)ﬂ'o " Tg,

o€{1,....,PY\{p,p*}

Oekp ! Oekp
se <€k,p) - 86k Var (6]?’1’) 8ﬁk
7p ’p

| Oey,
= |5t (3, (131)
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and in case of a quadratic covariate :Ez

exp(Bop + Leqr, .. kPt BenTh + Brs1,577)))
L+ petr, P @xPBop + Dkeqr, . kg1 BepTh + Bri1pT7)]

Tk

7 D oe1,... PP pp} (Brp + 2Bk41,pTk) — (Bryo + 2Bk41,0Tk)) o - T
O€k.p

ﬁk,p
0 <5k+1,p exp(Bop + et kg1 BepTr + Bra1,pT7)))

—92
22xk

-----

7 2 oeqt,... P ppt (B + 2Bk41,pTk) — (Brjo + 2Bk+1,0Zk)) o - 217
(132)

T

se (exp) = _ Ok _ - Var < Fkp > Oy (133)
< /Bk,p ) Bk+1,p ( /Bk,p >
0 0
/Bk—l—l,p Bkz—i-l,p

Conditional logit model with continuous explanatory variables:

T
exp(o + D 11 V2tp))
T
> pec €xXP(10 + Doi—1 Ve2tp))

Pr(y =plz) =mp = (134)

where y € {1,..., P} is a categorical dependent variable, z = (214, ... ,zT,p)T is a vector of T
continuous explanatory variables describing the characteristics of each of the P alternatives in
the choice set C, and v = (70, ...,77) ' is a vector of T + 1 unknown coefficients.

The semi-elasticity of the ¢th (continuous) explanatory variable for the conditional logit
model is:

dPr(y = p)
0%t p
= (mp — i) “VtZtp (135)

€tp = “Ztp

This semi-elasticity can be interpreted as: if the tth explanatory variable inceases by one
percent, the probability that y belongs to category j increases by €;, percentage points.
If 2, is also included in quadratic form, equation (135) modifies to

_0Pr(y=p) _
€tp = Ttp " Zt,p
= (mp — 792;) (VZep + 2%+15t2,p) (136)

In order to calculate approximate standard errors in the case of the conditional logit regres-
sion, equation (123) modifies to

se (e1p) = (mp — Wz)zt,p -se (1) (137)
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and in case of a quadratic covariate z?

(mp — Wz)ztm

Oty _ (138)
o)\,
Vt+1
-
se (erp) = _Oap - Var < e > L Oaw (139)
8<%> Ve+1 8<’Yt>
Vt+1 Vi+1

For the nested logit model with continuous explanatory variables at both the branch and
the twig level,” we have to differentiate between the probability of choice of the oth branch,
B,,

eXp(’YO + Zthl YtZt,0 + A01‘/0)
Yooy exp(Y0 + oy Wezto + Aol Vo)

K
with IV, = In Z exp <50//\0 + Zﬁk/)\oka> (141)

pEB, k=1

Pr(y € Bolx) =7, =

(140)

and the combined probablity of choosing the pth alternative in the oth branch

Pr(y = p,y € B,) = Pr(y = plz,y € B,) - Pr(y € Bo|z) =7, - o

exp(Bo/ Ao + Zf:l Br/ AoTk.p) exp(yo + Zthl Vezto + Aol Vo)
= - =5
ZPEBO exp(Bo/ Ao + Zk:l Bk/AofEk,p) Zo:l exp(yo + 23:1 VtRto T YA

(142)
where 2z, = (1,2170,...,2710)—r are the branch specific sets of characterics (which can be
empty sets), v = (70,...,77)  are the coefficients of the branch specific characteristics,
zp = (Liz1p,...,x Kvp)‘r are variables describing the characteristics of the P, alternatives of
B, and/or of the choice maker, and 3 = (B, ..., k)" are the corresponding coefficients, and
A= (A1,...,)0)" are the parameters of the correlation coefficients (1 — \,) between the P,

branch specific alternatives.
At the branch level, the semi-elasticity for a variable z;, can be derived as:

€to = (T — m2) - VtZt0 (143)
and if z; , enters the equation in quadratic form:

€to=(To —T2) - (NiZt0 + 2%+15t2,o) (144)

"We restrict our analysis on a nesting structure with two levels, branches and twigs, as these seem most common
in the applied empirical work. For nested logits with higher levelled nesting structures, the formulas must be
modified accordingly. However, the reader should not that an analytical solution for nested logits with higher
levelled nesting structures might become very complicated and computational solutions might be preferred.
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whilst the semi-elasticity for x, wrt the combined probability is:

1
€kp = <770(7Tp - 772))\* + 7";2;(% - Wg))\oIVo> BrTrp (145)
and for the quadratic form
— 2 1 2 2 _ )
€hp = <7r0(7rp — ﬂp))\f + 7, (o — WO)/\OIVO) (BrZTrp + 2Bk417% ) (146)

In order to calculate approximate standard errors for the semi-elasticity at the branch level
(equation (140)), equation (123) modifies to

s (€1,0) = (o — 75) - 21,0 - 5€ () (147)
and in case of a quadratic covariate 2,527 o

(7['0 - 7Tg)zt,o

_Oeo (148)
8( " ) (Mo — 75)227
Vi+1 ’
-
se (€r.0) = _ Oao . Var < Tt > . Oeto (149)
8<%> Ve+1 8(%)
Ye+1 Yt+1
And the standard error of €, can be calculated as
1
se (€xp) = <7r0(7rp - Wg))\—o + 71'2(71’0 — Wg)AOIVO> - Zp - se (Br) (150)
and in case of a quadratic covariate :i%p
(Rol(mp = T2)2 + 720 = TNV, )
86;,;9 _ ’ (151)
k
d <5k+1> (7r0(7rp - Wﬁ))\% + m2(mo — Wg))\oIVo) 2x%7p
T
0 0
se(enp) = || ——22 | Var ( Bfi) L Tkp (152)

Bk Bk
0 <5k+1> 0 (Bkﬂ)

Using the helper functions checkXPos (checking argument xPos, see appendix A) and
check-PKXBeta (checking 3y + Z]K:l Bjx; for plausible values, see appendix A), the follow-
ing function calculates the semi-elasticities and their respective standard errors as defined in
equations (120), (121), (123), and (125) for the binary logit function, the semi-elasticities
and their respective approximate standard errors as defined in equations (127), (130), (131),
and (133) for the multi-nomial logit function, the semi-elasticities and their respective approci-
mate standard errors as defined in equations (135), (136), (137), and (139) for the conditional
logit
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logEla <- function( allCoef, allCoefBra, allXVal, allXValBra,
allCoefSE = rep( NA, length( allCoef ) ),
xPos, yCat, yCatBra, lambda, method = "binary" ){
if ( method == "binary" || method == "CondL" ){

nCoef <- length( allCoef )

# Checking standard errors

if ( nCoef != length( allCoefSE ) ) {

stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
¥

} else if( method == "MNL" ){
NCoef <- length( allCoef )
mCoef <- matrix( allCoef, nrow = length( allXVal ) )
nCoef <- dim( mCoef ) [1]
pCoef <- dim( mCoef ) [2]
# Checking standard errors
if ( NCoef != length( allCoefSE ) ) {
stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
¥

} else{
nCoef <- length( allCoef )
NCoef <- length( allCoefBra )
# Checking standard errors
if ( nCoef != length( allCoefSE ) ){
stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
}

}

# Check postition wvector
checkXPos( xPos, minLength = 1, maxLength = 2, minVal = 1, maxVal = nCoef )
# Check z wvalues
if ( method == "binary" || method == "MNL" ){
if ( nCoef != length( allXVal ) ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}

} else if( method == "CondL" ){
mXVal <- matrix( allXVal, nrow = nCoef )
nXVal <- dim( mXVal ) [1]
pXVal <- dim( mXVal ) [2]
if ( nCoef != dim( mXval )[1] ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}

} else{
mXValBra <- matrix( allXValBra, nrow = NCoef )
nXValBra <- dim( mXValBra ) [1]
pXValBra <- dim( mXValBra ) [2]
if ( NCoef != nXValBra ) {
stop( "arguments 'allCoefBra' and 'allXValBra' must have the same length" )
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}

0 <- length( allXVal )
mXVal <- matrix( unlist( allXVal[ yCatBra ] ), nrow = nCoef )
nXVal <- dim( mXVal ) [1]
pXVal <- dim( mXVal ) [2]
if ( nCoef != nXval ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )

}
}

# Identify coefficients of interest (kth/tth covariate)
if( length( xPos ) == 2 ){
if ( method == "binary" ){
xCoef <- allCoef[ xPos ]
if ( 1isTRUE( all.equal( allXVal[xPos[2]], allXVall[xPos[1]11°2 ) ) ) {
stop( "the value of 'allXVal[ xPos[2] ]' must be equal",
"to the squared value of 'allXVal[ xPos[1] 1' " )
}
} else if( method == "MNL" ){
xCoef <- mCoef[ xPos, ]
if ( 'isTRUE( all.equal( allXVal[xPos[2]], allXVal[xPos[1]1]1°2 ) ) ) {
stop( "the value of 'allXVal[ xPos[2] ]' must be equal",
"to the squared value of 'allXVal[ xPos[1] ]' " )
}
} else if( method == "CondL" ){
xCoef <- allCoef[ xPos ]
for( p in 1:pXvVal ){
if ( 'isTRUE( all.equal( mXVal[xPos[2], p], mXVal[xPos[1], pl~2 ) ) ) {
stop( "the value of 'allXVal[ xPos[2] ]' must be equal",
"to the squared value of 'allXVall[ xPos[1] ]' " )
}
}
} else{
xCoef <- allCoef[ xPos ]
for( p in 1:pXVal ){
if ( 'isTRUE( all.equal( mXVal[xPos[2], p], mXVal[xPos[1], pl~2 ) ) ) {
stop( "the value of 'allXVal[ xPos[2] ]' must be equal",
"to the squared value of 'allXVal[ xPos[1] ]' " )
}

}
}

} else if( length( xPos ) == 1) {
if ( method == "binary" || method == "CondL" ){
xCoef <- c( allCoef[ xPos ], 0 )
} else if( method == "MNL" ){
xCoef <- matrix( c( mCoef[ xPos, ], rep( 0, dim( mCoef )L 21 ) ),
nrow = 2, byrow = TRUE )
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} else{
xCoef <- c( allCoef[ xPos ], 0 )

} else {
stop( "argument 'xPos' must be a scalar or a vector with two elements" )
if ( method == "binary" ){

xVal <- allXVal[ xPos[1] 1]
xBeta <- sum( allCoef * allXVal )
checkXBeta( xBeta )
dfun <- exp( xBeta )/( 1 + exp( xBeta ) )~2
semEla <- ( xCoef[ 1 ] + 2 * xCoef[ 2 ] * xVal ) * xVal * dfun
} else if ( method == "MNL" ){ #checkXBeta missing
xVal <- allXVal[ xPos[1] 1]
xBeta <- colSums( mCoef * allXVal )
pfun <- rep( NA, length( xBeta ))
term <- 0
for( i in 1:length( xBeta )){
pfunl[i] <- exp( xBetali] )/( 1 + sum( exp( xBeta ) ) )
term <- term + ( ( xCoef[ 1, yCat ] + 2 * xCoef[ 2, yCat ] * xVal ) -
( xCoef[ 1, i ] + 2 * xCoef[ 2, i ] * xVal ) * pfun([i] )
¥

semEla <- xVal * pfun[ yCat ] *
( ( xCoef[ 1, yCat 1 + 2 * xCoef[ 2, yCat ] * xVal )/
(1 + sum( exp( xBeta ))) + term )
dfun <- pfun[ yCat ] * ( 1/( 1 + sum( exp( xBeta ) ) ) + term )
} else if( method == "CondL" ){ #checkXBeta missing
xVal <- rep( NA, pXvVal )
for( p in 1:pXVal ){
xVal[p] <- mXVal[ xPos[ 1 ], p ]
}
xBeta <- colSums( allCoef * mXVal )
pfun <- exp( xBetal yCat ] )/( sum( exp( xBeta ) )
semEla <- ( xCoef[1] + 2 * xCoef[2] * xVal[ yCat ]
xVal[ yCat ] * ( pfun - pfun~2 )
} else{ #checkXBeta missing
xVal <- rep( NA, pXvVal )
for( p in 1:pXVal ){
xVal[p] <- mXVal[ xPos[ 1 ], p ]
}
coef <- matrix( NA, nrow = 0, ncol = nCoef )
for( o in 1:0 ){
coeflo, ] <- allCoef/lambdalo]
}
xBeta <- lapply( 1:0, function( i, m, v ){ colSums( m[[i]] * v[[il] ) },
m=allXVal, v=coef )

)
)

*
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IV <- unlist( lapply( 1:0, function( i, m ){ log( sum( exp( m[[i]] ) ) ) },
m=xBeta ) )
pfun <- exp( xBetal[ yCatBra 1][ yCat 1 )/
( sum( exp( xBetal[ yCatBra 1] ) ) )
xBetaBra <- colSums( allCoefBra * mXValBra )
pfunBra <- exp( xBetaBra[ yCatBra ] + lambda[ yCatBra ] * IV[ yCatBra ] )/
( sum( exp( xBetaBra + lambda * IV ) ) )
semEla <- ( xCoef[1] + 2 * xCoef[2] * xVal[ yCat ] ) * xVal[ yCat ] *
( pfunBra * ( pfun - pfun”2 ) * 1/lambdal yCatBra ] +
pfun~2 * ( pfunBra - pfunBra”2 ) * lambda[ yCatBra ] * IV[ yCatBra ] )

}
if ( method == "binary" || method == "MNL" ){
derivCoef <- rep( 0, length( allCoef ) )
derivCoef [ xPos[1] ] <- dfun * xVal
if ( length( xPos ) == 2 ) {
derivCoef [ xPos[2] ] <- dfun * 2 * xVal~2
}
} else if( method == "CondL" ){
derivCoef <- rep( 0, length( allCoef ) )
derivCoef [ xPos[1] ] <- ( pfun - pfun”2 ) * xVal[ yCat ]
if( length( xPos ) == 2 ) {
derivCoef [ xPos[2] ] <- ( pfun - pfun~2 ) * 2 *x xVal[ yCat ]2
}
} else{
derivCoef <- rep( 0, length( allCoef ) )
derivCoef [ xPos[1] ] <- (
pfunBra * ( pfun - pfun”2 ) / lambdal[ yCatBra ] +
pfun~2 * ( pfunBra - pfunBra"2 ) * lambda[ yCatBra ] =*
IV[ yCatBra ] ) *
xVal[ yCat ]
if ( length( xPos ) == 2 ) {
derivCoef [ xPos[2] ] <- (
pfunBra * ( pfun - pfun”2 ) / lambda[ yCatBra ] +
pfun~2 * ( pfunBra - pfunBra”2 ) * lambda[ yCatBra ] *
IV[ yCatBra ] ) *
2 * xVal[ yCat 172
¥
}

vcovCoef <- diag( allCoefSE"2 )

semElaSE <- drop( sqrt( t( derivCoef ) %xY% vcovCoef %xJ, derivCoef ) )
result <- c( semEla = semEla, stdEr = semElaSE )

return( result )

with

e arguments allCoef = (fo,...,BK)" a vector of all coefficients from a binary logit
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elaBa <- logEla( allCoef

model, allCoef = (7o,...,77)' a vector of all coefficients from a conditional logit
model, allCoefBra = (f,...,BK)", a vector of all coefficients from a nested logit
model, where allCoefBra, the coefficients at the branch level, must always be in-
cluded in combination with allCoef, the coefficients at the twig level, or allCoef
= (Bots---,BK1,---,Bop,---,Bxp) a vector of the P sets of coefficients from the multi-
nomial logit regression which does not include any values for the reference category;
argument allXVal = (1,...,Zx)", a vector of all corresponding sample means and 1 for
the intercept for the binary or multi-nomial logit, al1XVal = (1,...,271,...,1,...,27.p)
a vector of the P sets of explanatory variables from the conditional logit, or al1lXVal =
(((1, . 7£K,p,o)a cee, (1, R ,(I?Kypyo))T, e, ((1, e fK,p,O)y o (1,0 ,i‘K7p7o))T)T, a list
where the list elements are the corresponding matrices of the sample means for each nest
at the twig level,® and which must always be combined with the corresponding values at
the branch level in al1XVal;

argument allCoefSE = (se (o), ...,se(Bk))", a vector of standard errors for all coeffi-
cients of a binary or conditional logit regression or of the standard errors of the P sets
of coefficients in a multi-nomial logit regression;

argument xPos = k + 1 or (k4 1,k +2)T a scalar or vector of two elements indicating
the position of the coefficients of interest in vectors allCoef and allXVal;

argument method = c("binary", "MNL", "CondL", "NestL" ) indicating the estima-
tor used, where option "CondL" can also be used to calculate the semi-elasticity and
standard error of a nested logit at the branch level and where option "NestL" estimates
the semi-elasticity and standard error of the combined probabilities at the branch and
twig level;

argument "lambda" is a vector of the O parameter of the correlation coefficient between
the the branch specific alternatives of interest, it is only relevant under option "NestL"
and should be set to 1 in case the estimation coefficients in allCoef are already corrected
by 2.

Ao

finally, yCat a scalar identifying which of the P output categories is of interest, only
in combination with method = "MNL", "CondL", and "NestL" (for the twig level), and
yCatBra at the branch level.

c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),

allXVal = c( 1, 3.3, 4.5, 2.34, 0.1, 0.987 ), xPos = 2 )
elaba
## semEla stdEr
## 0.02023896 NA

8The reason why we make an exception from the usual vector in the case of the nested logit model is that

nests, o, can have different dimensions wrt P.
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elabb <- logEla( allCoef c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),

allXval = c( 1, 3.3, 4.5, 2.24, 0.1, 0.987 ),
allCoefSE = c( 0.001, 0.02, 0.000002, 0.05, 1.2, 0.03 ),
xPos = 2 )

ela6b

## semEla stdEr

## 0.02029675 0.01353117

# Example

ela7a <- logEla( allCoef = c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),
allXVal = c( 1, 3.3, 3.372, 2.34, 0.1, 0.987 ),
xPos = c( 2, 3) )

ela7a

#i# semEla stdEr

## 0.02032691 NA

ela7b <- logEla( allCoef = c( 0.445, 0.03, 0.00002, 0.067, 0.89, 0.124 ),
allXVal = c( 1, 3.3, 3.372, 2.34, 0.1, 0.987 ),

allCoefSE = c¢( 0.001, 0.02, 0.000002, 0.05, 1.2, 0.03 ),
xPos = c( 2, 3 ) )

ela7b

#it semEla stdEr

## 0.02032691 0.01349191

# Example

ela8a <- logEla( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, 8.4, 0.06 ), xPos = 3,
method = "MNL", yCat = 2 )

ela8a
## semEla stdEr
## 0.002792501 NA

ela8b <- logEla( allCoef c(0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, 8.4, 0.06 ),
allCoefSE = c( 0.002, 0.003, 0.004, 0.006, 0.00001, 0.08 ),
xPos = 3,
method = "MNL", yCat = 2 )

ela8b

## semEla stdEr
## 2.792501e-03 1.150331e-05
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# Example

ela9a <- logEla( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, 0.04, 0.0016 ), xPos = c( 2, 3 ),
method = "MNL", yCat = 2 )

ela%a
## semEla stdEr
## 0.0002470181 NA

eladb <- logEla( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal c(C1, 0.04, 0.0016 ),
allCoefSE = c( 0.002, 0.003, 0.004, 0.006, 0.00001, 0.08 ),
xPos = ¢c( 2, 3 ),
method = "MNL", yCat = 2 )

ela%9b

H## semEla stdEr
## 2.470181e-04 1.051034e-05

# Example

elal0a <- logEla( allCoef = c( 0.445, 0.03, 0.00002 ),
allXVal = c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
xPos = 2,
method = "CondL", yCat = 2 )

elalOa

H## semEla stdEr

## 0.0007482721 NA

elalOb <- logEla( allCoef c( 0.445, 0.03, -0.002 ),
allXVal c(1, 0.3, 0.09, 1, 0.1, 0.01 ),
xPos = c( 2, 3),
method = "CondL", yCat = 2 )

elalOb

#it semEla stdEr

## 0.0007399937 NA

# Exzample

elalla <- logEla( allCoef = c( 0.445, 0.03, 0.00002 ),
allXVal = ¢( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allCoefSE = c( 0.002, 0.003, 0.004 ),
xPos = 2,
method = "CondL", yCat = 2 )

elalla

#i# semEla stdEr

## 7.482721e-04 7.482721e-05
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elallb <- logEla( allCoef c( 0.445, 0.03, -0.002 ),
allXVal = ¢( 1, 0.3, 0.09, 1, 0.1, 0.01 ),
allCoefSE = c( 0.002, 0.003, 0.004 ),
xPos = c( 2, 3 ),
method = "CondL", yCat = 2 )

elallb

## semEla stdEr
## 7.399937e-04 7.762021e-05

# Example
matrixl <- matrix( c( 1, 2.5, 0.3, 0.09, 1, 0.33, 0.9, 1.8 ), nrow = 4 )
matrix2 <- matrix( c( 1, 2.8, 0.099, 0.211 ), nrow = 4 )
elal2a <- logEla( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = ¢c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
xPos = 2, yCatBra = 1, yCat = 2, lambda = c( 0.8, 1),
method = "NestedL" )

elal2a
## semEla stdEr
## 0.001321595 NA

matrixl <- matrix( c<( 1, 0.3, 0.09, 0.09, 1, 0.33, 0.1089, 1.8 ), nrow =
matrix2 <- matrix( c( 1, 0.31, 0.099, 0.211 ), nrow = 4 )
elal2b <- logEla( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = ¢c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = c¢c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
xPos = 2, yCatBra = 1, yCat = 2, lambda = c( 0.8, 1),
method = "NestedL" )

elal2b

#it semEla stdEr
## 0.000448864 NA
# Exzample

matrixl <- matrix( c¢( 1, 2.5, 0.3, 0.09, 1, 0.33, 0.9, 1.8 ), nrow = 4 )
matrix2 <- matrix( c( 1, 2.8, 0.099, 0.211 ), nrow = 4 )
elal3a <- logEla( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = ¢c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = ¢c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
allCoefSE = c( 0.001, 0.089, 0.0003, 0.12 ),
xPos = 2, yCatBra = 1, yCat = 2, lambda = c( 0.8, 1),
method = "NestedL" )
elal3a
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## semEla stdEr
## 0.001321595 0.023524389

matrixl <- matrix( <( 1, 0.3, 0.09, 0.09, 1, 0.33, 0.1089, 1.8 ), nrow = 4 )
matrix2 <- matrix( c( 1, 0.31, 0.099, 0.211 ), nrow = 4 )
elal3b <- logEla( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
allCoefSE = c( 0.001, 0.089, 0.0003, 0.12 ),
xPos = 2, yCatBra = 1, yCat = 2, lambda = c( 0.8, 1 ),
method = "NestedL" )
elal3b

## semEla stdEr
## 0.000448864 0.007989780

3.2. Semi-elasticities from interval-coded explanatory variables

Logit model, where the kth explanatory variable is interval-coded:

Pr(y = 1]a) — exp (Bo + Zje{l,...,K}\k Bjrj + Zme{l,...,M}\m* Om D) (153)
L+exp (Bo+ 2 jeqr, k0 Bi%i T 2omeft,...mm* omDm)’

with

VYm=1,...,M, (154)

1 if by, <zl < b,
D,, =
0 otherwise

The semi-elasticities from an interval coded variable in the case of a binary logit function
can be calculated as in section 2.2, where equation (84) modifies to

eXPynt1 () expy, () > bin
~ - : 155
o <1—+expm+1() 1+ expy, () brm+1 — bn—1 (155)
where
eXPpy1 (1) = exp | Bo + Z Bjxj + Om+1 (156)
jefl, KN\k
and
expy, ()=exp | fo+ Y. Bixj+om |- (157)
je{l . KN\k

For the multi-nomial logit, equation (155) modifies to

. ~9 €XPm+1,p () . €XPmp () . bm
o 1+ ZpE{l,...,P}\p* CXPm+1,p () 1+ Zpe{l,...,P}\p* CXPm.p () bm+1 - bmfl

(158)

46



where exp,,, ,, is defined as

CXPm.p () = €xp 50,}7 + Z /Bj,pxj =+ 5m,p . (159)
je{l KWk

and exp,,, 41, accordingly.
For the conditional logit, equation (155) modifies to

g2 [ S Pmin () Py () ) b (160)
m,p ™
g ZpEC CXPm+1,p () ZpEC CXPm,p () bm+1 — bm-1
where exp,,, ,, is defined as
exp,, , (+) = exp [ 70 + Z YiZjp + Om | - (161)

je{l,.. TH\t

and exp,,, 41, accordingly.
An approximate standard error of the semi-elasticity of interval-coded explanatory variables
of binary logit models can be obtained by using the Delta-method:

O€km O€im
se (€xm) = Wk&T) Var ( ? > 8<kﬁ>, (162)
0

where se (e,) indicates the (approximate) standard error of €y,, Var ((BT 5T)T) indicates

. . . . . T
the variance-covariance matrix of the estimates of the coefficient vector (,BT 5T) , and the

gradient vector is:
M—1

o) = ()

with the elements of the gradient vector Oeg,, /(876"

=2 (o O~ o OF) s 2 (164)
aaEZT =2 ([1 ng;g%]z -7 Ti’z}fzf{)@ . bmﬂbinbml vie{l,... K}\k (165)
S (e A e e 166
= fizgi(l z-m g (167)
85;:ZOVnE{l,...,M}\{m,m+1} (168)
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In the case of the multi-nomial logit the elements of the gradient vector degy, ,/O(BT6")T

modify to

8€km,p _ eXpm-l-LP(.) ’ (1 + Zoe{l,...,P}\p,p* expm+1,o('))
dBop [1+ ZpE{l,...,P}\p* EXperl,p(')P

_eXpmaP(') ’ (1 + Zoe{l,...,P}\p,p* eXpm,o(')) ) bm
bm+l - bm—l

-----

a€km,p —9 expm,p(') expm,o(') _ eXperl,p(') expm+1,o(')
86070 [1 + ZpG{l,...,P}\p* exan,p(')]2 [1 + ZpE{l,...,P}\p* eXpm—i—l,p(')P
b Vo#p

' bm+1 - bmfl

8€km,p —9 eXpm—i—l,p(') ’ l’j(l + Zoe{l,...,P}\p,p* expm—l—l,o('))
aﬁj:p [1 + ZpE{l,...,P}\p* expm+1,p(')]2

_expmp(-) ) ‘rj(l + Zoe{l,.‘.,P}\p,p* expm,o('>) . bm v] c {1
[1 + Zpe{l,...,P}\p* expm,p(')]2 bm+1 — bm—1 ’
8€km,p _ eXpm,p(') eXpm,o(') ] . eXpm—l—l,p(') eXpm—l—l,o(') ]
9Bj.0 L+ et Prps XPmp ()2 L+ e, P € XPms1p()]?
b, .
e VO#]), J € {lvaK}\k
bm+1 - bmfl
O€km _ expm,P(') ’ (1 + Zoe{l,...,P}\p,p* expm,o(')) ) bm
66m’p [1 + EpE{l,...,P}\p* expm,p(')]2 bm+1 — bm—1
8ka,p _ eXpm,p(') eXpm,o(') - bm Yo 7& P
.o [1+ ZpE{l,...,P}\p* eXpm,p(')] bmt1 — bm—1
86km,p _ 2€Xpm+1,p(') ’ (1 + ZoG{l,...,P}\p,p* eXpm—i—l,o(')) ) b,
om1,p [1+ ZpE{l,...7P}\p* eXperl,p('ﬂ2 bm+1 — bm—1
86km,p —_9 eXperl,p(') expm+1,o(') . bm Yo ?é D
D0m+1,0 L+ peqr, . Py ©Pmt1p()]* bt — by
Oerm
kP _ 0 e {1,..., MY\ {m,m+1}
0np
i;mpzoVnE{L“wM}\%Lm+1Lo#p

(169)

(170)

(171)

LKW\ K

(172)

(173)

(174)

(175)

(176)

(177)

(178)

In the case of the conditional logit the elements of the gradient vector Oty ,/0(y 67)T
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modify to

O€tm, eXpm+Lp(') : ZpEC' eXperl,p(') - eXperl,p(') : ZpeC eXpm+1,p(')

—9 - (179)
o 2
o (ZpeC expm—i-l,p('))
_ expm,p(‘) ’ ZpEC expm,p(') - eXpm,p(') ' ZpEC expm,p(') ) bm -0
2 bl — bm_1
(Zpecexpms()) o
O€tm, _ eXpm-s-l,p(')Zj,p ’ ZPEC eXpm+1,p(') - eXpm+1,p(') ) ZpEC eXPm-s-l,p(‘)Zj,p (180)
O~ 2
i (Lec exPrir,()
_ eXpm,p(')Zjvp ’ ZpEC eXpm,p(') - expm,p(') ' Zpec expm,p(')’zj:p
2
(EpeC eXpm,p('))
b yieq, T
bm+1_bm—1 J Y
8etm _ 2expm,p(') ’ ZpeC expm,p(') - eXpm,p(') ' ZpGC expm,p(') (181)
I 2
(ZpecexPuy()
bm,
R
bm+1 - bm—l
Oetm QGXPmH,p(‘) ' ZpEC XDy 41p(") = €XPrgr () - Zpec €XPryy1p(") (182)
Obma1 2
. (L oxPmii,0)
b,
m
bm+1 - bm—l
aggm:OVne{l,...,M}\{m,m—i-l} (183)

Using the helper functions elaIntWeights (equation 21), elaIntBounds (equation 20),
checkXPos (checking argument xPos, see appendix A), and checkXBeta (checking
Bo + Zj€{17.”7K}\k Bjxj + Zm€{17._.’M}\m* OmDy, for plausible values, see appendix A),
and function linElalInt (section 1.2), the following code defines a function that calculates
the semi-elasticity defined in equation (155) and its approximate standard error defined in
equations (162) to (168) for the binary logit function, equations (158) and (170) to (178) for
the multi-nomial logit function, and equations (160) and (179) to (183) for the conditional
logit, respectively:

logElaInt <- function( allCoef, allXVal, xPos, xBound, yCat = NA,
allCoefSE = rep( NA, length( allCoef ) ),
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method = "binary" ){
# number of coefficients
if ( method == "binary" || method == "MNL" ){
mCoef <- matrix( allCoef, nrow = length( allXVal ))
nCoef <- dim( mCoef ) [1]
pCoef <- dim( mCoef ) [2]
# checking arguments
if( length( allXVal ) != nCoef ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}

} else{
nCoef <- length( allCoef )
mXVal <- matrix( allXVal, nrow = nCoef )
pCoef <- dim( mXVal ) [2]
# checking arquments
if ( dim( mXVal ) [1] != nCoef ) {
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}

}

# number of intervals
nInt <- length( xPos )
checkXPos( xPos, minLength = 2, maxLength = nCoef,

minVal = 0, maxVal = nCoef, requiredVal = O )
if ( method == "binary" || method == "MNL" ){
if ( any( allXVall xPos 1 < 0 ) ) {
stop( "all elements of argument 'allXVal'",
" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must be non-negative" )
¥
if ( sum( allXVall xPos ] > 1) ) {
stop( "the sum of the elements of argument 'allXVal'",
" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must not be larger than one" )
}
} else{
for( p in 1:pCoef ){
if( any( mXVal[ xPos, p]1 <0 ) ) {
stop( "all elements of argument 'allXVal'",
" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must be non-negative" )
}
if( sum( mXVal[ xPos, p 1 > 1) ) {
stop( "the sum of the elements of argument 'allXVal'",
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" that are indicated by argument 'xPos'",
" (i.e., the shares of observations in each interval)",
" must not be larger than one" )

}
}
}

# check 'zBound' and replace infinite values
xBound <- elaIntBounds( xBound, nInt )
# vector of probabilities of y=1 for each interval and
# vector of shares of observations in each interval
xBeta <- matrix( rep( rep( NA, nInt ), pCoef ), ncol = pCoef )
if ( method == "binary" || method == "MNL" ){
shareVec <- rep( NA, nlInt )
for( p in 1:pCoef ){
for( i in 1:nInt ){
allXValTemp <- replace( allXVal, xPos, 0 )
if( xPos[i] !'= 0 ) {
allXValTemp[ xPos[i] ] <- 1
shareVec[i] <- allXVal[ xPos[i] ]
}
xBetal[i,p] <- sum( mCoef[ ,p] * allXValTemp )
}
}

shareVec[ xPos == 0 ] <- 1 - sum( shareVec[ xPos != 0] )
} else{
shareVec <- matrix( rep( rep( NA, nInt ), pCoef ), ncol = pCoef )
for( p in 1:pCoef ){
for( i in 1:nInt ){
allXValTemp <- replace( mXVall ,p], xPos, 0 )
if( xPos[i] !'= 0 ) {
allXValTemp[ xPos[i] ] <- 1
shareVec[i,p] <- mXVal[ xPos[i], p ]

}

xBetali,p] <- sum( allCoef * allXValTemp )

}

shareVec[ xPos == 0, p ] <- 1 - sum( shareVec[ xPos != 0, p ] )

}

shareVec <- shareVec[ , yCat ]

}

#checkXBeta( zBeta ) #Please check this one with a matriz

if ( method == "binary" ){

expVec <- as.vector( exp( xBeta )/( 1 + exp( xBeta ) ) )
} else if( method == "MNL" ){

expVec <- as.vector( exp( xBetal[ , yCat ]1)/( 1 + rowSums( exp( xBeta ) ) ) )
} else{

expVec <- as.vector( exp( xBetal , yCat ])/( rowSums( exp( xBeta ) ) ) )
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}

# weights
weights <- elalntWeights( shareVec )
# calculation of the semi-elasticity
semEla <- linElaInt( expVec, shareVec, xBound )
### calculation of 2ts standard error
# partial derivatives of each semi—-elasticity around each boundary
# w.r.t. all estimated coefficients
if ( method == "binary" ){
gradM <- matrix( O, nCoef, nInt - 1 )
gradExpVec <- exp( xBeta )/( 1 + exp( xBeta ) )~2
for(m in 1:( nInt - 1 ) ) {
gradM[ -xPos, m ] <- 2 * ( gradExpVec[m+1] - gradExpVec[m] ) *
allXVal[ -xPos ] * xBound[m+1] / ( xBound[m+2] - xBound[m] )
gradM[ xPos[m], m ] <- - 2 * gradExpVec[m] * xBound[m+1] /
( xBound[m+2] - xBound[m] )
gradM[ xPos[m+1], m ] <- 2 * gradExpVec[m+1] * xBound[m+1] /
( xBound [m+2] - xBound[m] )
}

} else if( method == "MNL" ){
gradM <- array( 0, c( nCoef, nInt - 1, pCoef ) )
gradExpVecP <- ( exp( xBetal[ , yCat ] ) *
( 1 + rowSums( exp( xBetal , -yCat, drop = FALSE ] ) ) ) )/
(1 + rowSums( exp( xBeta ) ) )~2
for( p in 1:pCoef ){
gradExpVecO <- ( exp( xBetal , yCat ] ) * exp( xBetal , pl ) )/
( 1 + rowSums( exp( xBeta ) ) )~2
for(m in 1:( nInt - 1) ) {
if( p == yCat ){
gradM[ -xPos, m, p ] <- 2 * ( gradExpVecP[m+1] - gradExpVecP[m] ) *
allXVal[ -xPos ] * xBound[m+1] / ( xBound[m+2] - xBound[m] )
gradM[ xPos[ m ], m, p ] <- - 2 * gradExpVecP[m] * xBound[m+1] /
( xBound [m+2] - xBound[m] )
gradM[ xPos[ m + 1 ], m, p ] <- 2 * gradExpVecP[m+1] * xBound[m+1] /
( xBound [m+2] - xBound[m] )
} else {
gradM[ -xPos, m, p ] <- 2 * ( gradExpVecO[m] - gradExpVecO[m+1] ) =*
allXVal[ -xPos ] * xBound[m+1] / ( xBound[m+2] - xBound[m] )
gradM[ xPos[ m ], m, p ] <- 2 * gradExpVecO[m] * xBound[m+1] /
( xBound [m+2] - xBound[m] )
gradM[ xPos[ m + 1 ], m, p ] <- - 2 * gradExpVecO[m+1] * xBound[m+1] /
( xBound [m+2] - xBound[m] )

¥
}
¥

gradM <- apply( gradM, 2, function( x ) x )
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} else{
gradM <- matrix( O, nCoef, nInt - 1 )
for(m in 1:( nInt - 1 ) ) {
gradM[ -xPos, m ] <- 2 =%
( ( exp( xBetal[ m+1, yCat ] ) * mXVal[ -xPos, yCat ] =
sum( exp( xBetal m+1, ] ) ) -
exp( xBetal m+1, yCat ] ) *
rowSums ( exp( xBetal m+1, ] ) * mXVal[ -xPos, , drop = FALSE ] ) )/
( sum( exp( xBetal m+1, 1 ) ) )"2 -
( exp( xBetal m, yCat ] ) * mXVal[ -xPos, yCat ] *
sum( exp( xBetal m, ] ) ) -
exp( xBetal[ m, yCat ] ) *
rowSums ( exp( xBetal m, ] ) * mXVal[ -xPos, , drop = FALSE ] ) )/
( sum( exp( xBetal m, ] ) ) )2 ) *
xBound [m+1] / ( xBound[m+2] - xBound[m] )
gradM[ xPos[m], m ] <- 0
gradM[ xPos[m+1], m ] <- 0

}
}

# partial derivative of the semi-elasticity
# w.r.t. all estimated coefficients
derivCoef <- rep( 0, length( allCoef ) )
for(m in 1:( nInt - 1 ) ){

derivCoef <- derivCoef + weights[m] * gradM[,m]
}
# wvariance-covariance matriz of the coefficiencts
vcovCoef <- diag( allCoefSE"2 )
# standard error of the (average) semi-elasticity
semElaSE <- drop( sqrt( t( derivCoef ) %x% vcovCoef %x% derivCoef ) )
# prepare object that will be returned
result <- c( semEla[1l], stdEr = semElaSE )
return( result )

where argument allCoef = (Bo,...,Bk—1,01s- - 0m*—1,0m*+1s-->00 Brtts - Br) s
is a vector of all coefficients from the binary or conditional logit regression or allCoef
= (Bo,1s- s Br=1,1,01,15 - s O 1,1, O 4 1,15 -+ OMLLs Bl 1,15+ - -5 B 1o - -+
ﬂo’p, ce 761@—1,P; 51,13, e ,5m*_17p, 5m*+17p, ‘o ,5M’p, 6].3_,_17]3, ce ,BKJD)T a vector of all the P
sets of coefficients from the multi-nomial logit regression which does not include any values
for the reference category; argument allXVal = (1,21, ..., k1, S1y- - Sm*—1, Sm*+1,- -« SM,
Thil,...,2x)  is avector of corresponding values of the explanatory variables (including shares
of observations in each interval of variable xj except for the reference interval m*) or allXval
=1,211,..-,21,7---,1,21.p, ..., 21,p) is a vector of the P sets of explanatory variables from
the conditional logit (including shares of observations in each interval of variable z;, except
for the reference interval m*); argument xPos = (k+1,...,k+m*—1,0,k4+m*, ..., k+ M —1)
is a vector indicating the positions of the coefficients d1,...,dy and shares s, ..., sy of each
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interval in the vectors allCoef and allXVal, whereas the position of the reference interval m*
is set to zero; argument allCoefSE is a vector of the standard errors of all coefficients in
allCoef or of the P sets of the standard errors of the coefficients from the multi-nomial logit
regression which does not include any values for the reference category; argument method
= "binary", "MNL", "CondL" identifies the estimator chosen, where "binary" indicates
the binary logit estimator, "MNL" indicates the multi-nomial logit estimator, and "CondL"
indicates the conditional logit estimator; argument yCat, only in combination with option
"MNL" or "CondL", indicates the pth output category of interest; and argument xBound

= (bo,...,by) " indicates the boundaries of the intervals as in function 1inElaInt.
# Example
elaBa <- logElaInt( allCoef = c( 0.33, 0.22, 0.05, 0.6 ),

allXVal = c( 1, 0.4, 0.12, 0.13 ),
xPos = c( 2, 0, 3, 4 ),
xBound = c( 0, 500, 1000, 1500, Inf ) )

ela8a
## semEla stdEr
## -0.02442287 NA

ela8b <- logElaInt( allCoef c( 0.33, 0.22, 0.05, 0.6 ),
allXVal = c( 1, 0.4, 0.12, 0.13 ),
xPos = c( 2, 0, 3, 4 ),
xBound = c¢( 0, 500, 1000, 1500, Inf ),
allCoefSE = c¢( 0.003, 0.045, 0.007, 0.009 ) )

ela8b

## semEla stdEr
## -0.024422872 0.006055436

# Example

ela9a <- logElalInt( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXvVal = c( 1, 0.4, 0.12 ),
xPos = ¢c( 2, 0, 3 ),
xBound = c( 0, 500, 1000, Inf ), yCat = 2,
method = "MNL" )

ela%a

#it semEla stdEr

## 0.01775033 NA

ela9b <- logElaInt( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, 0.4, 0.12 ),
xPos = c( 2, 0, 3),
xBound = c( 0, 500, 1000, Inf ), yCat = 2,
allCoefSE = c¢( 0.003, 0.045, 0.007, 0.009, 0.0008, 0.9 ),

method = "MNL" )
ela%b

o4



## semEla stdEr
## 0.017750330 0.003286756

elalOa <- logElaInt( allCoef
allXVal

c( 1.33, 0.022, 0.58, 1.6 ),
c(C1, 0.4, 0.12, 0.0002,

1, 0.28, 0.01, 0.000013 ),
xPos = c( 2, 0, 3 ),
xBound = c( 0, 1000, 1500, Inf ), yCat = 2,
method = "CondL" )

elalOa
## semEla stdEr
## -4.699944e-17 NA

elalOb <- logElaInt( allCoef
allXVal

c( 1.33, 0.022, 0.58, 1.6 ),
c(1, 0.4, 0.12, 0.0002,
1, 0.28, 0.01, 0.000013 ),
xPos = c( 2, 0, 3),
xBound = c( 0, 1000, 1500, Inf ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ), yCat = 2,
method = "CondL" )

elalOb

## semEla stdEr
## -4.699944e-17 3.838242e-20

3.3. Effects of continuous variables when they change between discrete intervals

As in section 3.1, we assume the following model

K
Pr(y = 1|z) = R0+ Zk:;{ﬁkxk) |
1 +exp (Bo + > _p—1 Brar)
.

(184)

where y € {0,1} is a binary dependent variable, x = (z1,...,2x)' is a vector of K continuous
explanatory variables, and 8 = (B, ..., k)" is a vector of K + 1 unknown coefficients.

In order to derive the (approximate) effect of a continuous variable z; on Pr(y = 1) given
that zj changes between M > 2 intervals, we modify equation (31) into

Ejmi =E[y|lbm—1 < z, < by] — Elylbi—1 < zx < by

e (Bo+ e,k BiTi + BeElrrlbm-1 < zp < bn)
L+exp (Bo+ Xjeqr,. xp Biti + BuBlak|bm—1 < xp < b))

exp (B0 + D jeqr,... ki Bi%s + BreBlerlbiy < ap < by)
L+exp (Bo+ Xjeqr,...xpk Bits + BrElzrlbioy < zp < bi])

(185)
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where again F[zk|by,—1 < zr < byn] = T, can be approximated by the mid-points of the
intervals b b
fkmz%ﬂ“vm:L...,M. (186)

For model specifications that additionally include a quadratic term of the explanatory vari-
able,

Epmi =E[ylbm—1 < 2 < by] — Elylbi—1 < 2 < by

_exp(Bo+ Vjeqr,.. kp\kprr) Bi%i + BeElilbm—r <k < bl + Bri1 Bl |bm-1 < @ < b))
L4exp (Bo + X jeqr, . kp\kbn) Bi%5 + BrBler|bm-1 < 2x < bin] + Bri1 Blag bm—1 < x < b))

exp (Bo + X jeqr.. xn\(karn) BT + BeBlaxlbioy < zp < bi] + Brpa Elzf]bi1 < zx < i)

1+ exp (Bo + Zje{l,...,K}\(k,k+1) Bixi + BrExg|bi—1 < xp < b] + 5k+1E[$i|bl—1 <z <)
(187)

where the values for Efzg|bm—1 < zp < by, and E[:Uz\bm,l < x < by] remain the same as
outlined in section 1.3.
In the case of the multi-nomial logit function equation (185) modifies to

exp (Bop + 2 jeqr, .k p\k BinTi + BrpElorlbm—1 < 2 < b))
L+ et pip €XP (Bop + 2 et ki Biw®i + BepEk|bm—1 <z < b))

Ek,ml,p ~

exp (Bop + 2 jequ,... k0 BinTi + BrpElorlbi1 <z < b)
L+ eqr, . prp €XP (Bop + 2jeqn, . kpk Bin®i + BrpElaklbior <z < bi])

(188)
and equation (187) modifies accordingly.
In the case of the conditional logit function equation (185) modifies to
> exp (0 + Zje{l,.,.;r}\t ViZip + WE 2k plbm-1 < 2kp < b))
kmlp ~
e Zpec exp (Y0 + Zje{l,...,T}\t ViZip + B2k plbm-1 < Zkp < b))
exp (Y0 + 2jequ,...rpe Vizip T WE zkplbi1 < 2kp < bi)) (189)

e P (10 + Sjeqr,. e Ve T WEErplbior < zrp < bil)

and equation (187) modifies accordingly.
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And in the case of the nested logit function equation (185) modifies to

exp(Bo/Ao + X jeqn,.. ki Bi/ AoTip + B/ Ao E[Thplbm—1 < Tip < b))
> pen, XP(Bo/Xo + D jeqr, kg Bi/ AoTip) + Br/AoE [Tk plbm—1 < Tkp < bn])
- exp(yo+ St Wzto + Aol V)

D1 exp(0 + iy Wezto + Aol Vo)
exp(Bo/ Ao + Zje{17.,,7[{}\k B/ XoTjp + B/ Ao E[Trplbi—1 < xpp < b))
- ZPEBO exp(Bo/ Ao + Zje{l,...,K}\k BjlXojp) + Br/AoE 2k plbi-1 < zpp < bi])
exp(0 + i VPt + AT Vo)
200:1 exp(Y0 + Y1 Vezto + Aol Vo)

where equation (141) modifies to

Ek,ml,p,o =

(190)

1V, =1n Z €Xp (ﬁ(]/)\o + Z ﬁj/)\oxj,p + Bk/AOE[l’k,pwmfl < Tkp < bm]) (191)

peB, je{l,...K}\k

and

IV, =1In Z exp (B()/)\o + Z 5j/)\oxj,p + ,Bk/)\()E[xth)l_l < Ty < bl] s (192)

pEBo je{l, K P\k
respectively.
In order to calculate the standard error of Ej ,,,;, we again apply a simplified Delta method
se(Bunn) = 1 (2Butm " yar () . OBt (193)
OFkm
where the elements of the gradient vector, akﬁ’ l, are:
E . .
0 k,ml _ eXpm() 5 - expl() 5 (194)
B [L+exp,()]?  [L+exp()]
OFkmi  expp,(+) - Z; expy(°) - Z; ,
T m — V B j#kk+1 195
95, [rew,(f Drem(F 777 1)
OEkmi _ exp,, () - Tem  exp(c) - Tp
_ - : (196)
e [ +exp,()]?  [L+exp()]
aEk,ml :expm(') Ekm _ exp;(+) '?kl (197)
OPr+1  [L+exp,()]F 1+ exp()]?
where
expy, (1) = exp | Bo + > Bjx; + BeElk|bm-1 < T < by] + Brs1 E[@}|bmn—1 < xp < by

je{1,....K}\(k,k+1)
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and

exp;(-) = exp (ﬁo + Z Bix; + BrElxg|bi—1 < xp < b + Bri1Bl22|bi_y < 21 < bl]) .
je{1,.... K}\(k,k+1)

o8



aEk,ml,p

Vie{l,...,K}\kk+1

In the case of the multi-nomial logit the gradient vector, a5 modifies to:
8Elk,ml,p . eXpmJ?(') ) (1 + Zoe{l,...,P}\p,p* eXpm,o(.))
9Bo,p [1+ Zpe{l,...,P}\p* expm,p(')]2
_ eXpl,p(‘) ’ (1 + ZoE{l,.MP}\p,p* eXpl,O('))
142 peqt,.... Py P ()1
8-Elc,ml,p _ expl,p(') eXpl,o(')
90,0 [1+ ZpG{l,...,P}\p* expy,(+)]?
- expm,p(‘) expm,o(') 5 Yo ?é »
[1+ > peqt,..., Prps ©XPmp()]
a-Ek,ml,p . eXpWL,P(')(l + ZOE{I,...,P}\p,p* expm,o(')) "Ly
8ﬁj7p [1 + Zpe{l,‘..,P}\p* expm,p(')]Q
_ eXpl,p(')(l + Zo@{l,...,P}\p,p* expl,o(')) )
1+ e, php €xXPp ()2
aE1l<:,ml,p _ expl,p(') eXpl,o(') ]
aﬁj,o []‘ + ZpG{l,...,P}\p* expl,p(')]Q
eXpmp(') XD, o(') "Ly .
— : : Vo#p, je{l,....,K}\ k,k+1
(143 peqt,. Py €XPpp(9)]? { J
8Elk,ml,p _ eXpm,p(')(l + Zoe{l,...,P}\p,p* expm,o('» " Tk
9Bp 1+ peqt,... PRy ©XPmp ()]
_ eXpr(‘)(l + Zoé{l,..A,P}\p,p* eXpl,o(’)) " T
1+ eqr,. . ppp €xXPp()]2
8-Ek:,ml,p _ expl,p(') expl,o(') - Tg, _ expm,p(') expm,o(') - T
a/819,0 [1 + Zpe{l,...,P}\p* eXpl,p(')]2 [1 + ZpE{l,...,P}\p* expm,p(')]2
aE;,C’ml’p . eXpm,p(')(l + Zoe{l,...,P}\p,p* expm,o('» ’ ;z
aﬁk—l—l,p [1 + Zpe{l,...,P}\p* eXpm,p(')]Q
B eXpl,p(.)(l + ZoE{l,...,P}\p,p* eXpl,0<')> ’ CL'%
1+ Zpe{l,...7p}\p* expyp()]?
aE1l<:,ml,p _ expl,p(') eXpl,o(') ’ ?km B expm,p(') eXpm,o(‘) ’ ﬁkm
MBrito [+ 2 peqi ppp XPp(* [+ X en . Py €XPmp ()]

-----
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where

exp,, »(-) = exp | Bop +

and

expy,(-) = exp | fop +

D

BipTi + BrpElk|bm-1 < % < bp] + Brr1p Bl |bm-1 < Tp < by

je{1,....K}\(k,k+1)

D

BipTi + BepElrrbi_1 < xx < by + Ber1pElrilbi_1 < xx < b))

je{1,....K}\(k,k+1)

oF
In the case of the conditional logit the gradient vector, gigﬂ’p, modifies to:
aEt,ml,p _expm,p(‘) : ZpeC expm,p(') - expm,p(') : ZpGC expm,p(') (206)
o - 2
0 (ZpecoxPmy()
- eXpl,p(') ’ Z;DEC eXpl,p(') - eXpl,p(') ’ ZpEC eXpl,p(')
2
(Zpecexi, ()
aE1t,ml,p _expm,p(')zﬁp . ZpeC CXPm p( ) CXPm,p ) ZpeC’(eXpm,p(')ZLp) (207)
= 2

v

_ eXpr(-)ij ’ Zpec (.99)) p( ) — expy,

(=

(
peC XPm »( )
(

) - > pec(expy (1) z)p) .
5 peC PAITIR y v JFLt+1

(ZpEC’ expl,p(')>
aElt,ml,p _eXpm,p(')Zt,P ’ ZpeC €XPpm p( ) expm,p( ) Zng(eXpm,p(')ztyp) (208)
o - 2
n < peC expmp >
exprp()2ep - 2pec OXPup() = XDy, () - D pec(eXPyp()2ep)
(Specexpip()”
aEt,ml,p _expm,p(‘)zt-i-lm ’ Zpec €XPpm p( ) expm,p( ) Zpec<expm,p(')zt+17p) (209)
o - 2
Vi+1 ( pec exPy () )
P (D210 - 2pec XPLp () = exPyp () - D peo(exXPrp () zit1p)
2
(Zpecexmi,()
where
eXpm,p(') =exp | %+ Z Vizip + VepElztlbm1 < 2t < b] + ’Yt+1,pE[zt2‘bm—1 < 2 < b
GEL,. TI\(6,t41)
and

expy (1) = exp | Y0 +

2

Je{1,.... T\ (¢,t+1)

Vizip + nE[2|bio1 < 2 < bl 4+ v + 1E[2f b1 < 2 < by]
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aEk,ml,p

Finally, in the case of the nested logit, the gradient vector, 25 modifies to:
1
aE‘t,ml,p o 1 Z;DEBO (expm,p,o(')fo)
850 )\0 ZpEBO expm,p,o(')

221 (XPunol) Spe, 1)
& e e

o=1XPm.o

1 Spen, (ePipo()1)

A
Ao ZpEBO eXpl,p,o(')

Z,?:l <esz,o(') ZpEBO 1)

- o MpTo (210)
peEDB, Zozl eXpl,o(')
8Et,ml,p _ Tp,j ZpGBo <eXpm,p,o(') )!\)OJ>
Ip; Ao ZpeBo eXPyy po(*)
O
s, T (e59mo0) Semara) \}
pJ O m,p©m,o
pEBo Zo:l eXpm,o(')
Tp,j ZpEBo (expl,p,o(')x)ij>
Ao ZPEBO eXpl,p,o(')

Zoozl (expl,o(') ZpEBO 5fp,j)

+ Tpj — T, 211
pr:o " Yot expy () o .
Tp,m
0By [ (oo Trer (oPupo)%)
aﬁk )\o ZPGBO expm,p,o(')
O
(s, T (exPm o) Sy, @oim )
Tpm — 0 Tm,pTm,o
pEB, 20:1 expm,o(')
Tp 2 peB, <eXpl7p,o(‘) x/\pol>
)\o ZpEBO eXplvpyo(‘)
O
Yoomt (eXPz,o(') EpEBO xp,l)
+ Z Tyl — 0 T,pT,0 (212)
pEBo Zozl eXpl,O(‘)
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Tpm
OBumip _ | [ Tpmt1 Ejpef%)<eXp"%Pﬂ(0 pko+1)
6/Bk?+1 )‘o Z;DEBO eXpm,p,o(')
o
N Z Zozl (eXpm,o(') ZpGBO xp,m+1>
Tpm+1 — O Tm,pTm,o
pEB, Zo:l expm,o(')
Tp i1 2 _peB, (eXpl,p,o(')mp/’\iljl)
Ao ZPEBO exPy0(°)
o]
S0 (expro() Sper, Tt )
+ Z Tp i+l — T,pTl0 (213)

@)
peB, Zo:l eXpl,o(')

eXPpp o) = exp | fo/Ao + Z Bi/Aoxjp + B/ Ao E Xk p|bm—1 < Tk p < b (214)
je{l KNk

eXpl,p,o(') = €xp /30//\0 + Z Bj/)\ol'j,p + /Bk//\oE[xk,p’bm—l < Tkp < bm] (215)
je{1,...K}\k

T
expm/l,o(') = exp <70 + Z’Ytzt,o + )\OI‘/O> (216)
t=1

Using helper functions EXSquared (equation 41), elaIntBounds (checking arguments
refBound and intBound), checkXPos (checking argument xPos, see appendix A), and
checkXBeta (checking [y + Eszl Bjx; for plausible values, see appendix A), the following
function calculates the effect and its standard error according to equations (185), (187), and
(194) to (197) for the binary logit, according to equations (188) and (198) to (205) for the
multi-nomial logit, and according to equations (189) and (206) to (209) for the conditional
logit:

logEffInt <- function( allCoef, allCoefBra = NA, allXVal, allXValBra=NA,
xPos, refBound, intBound, yCat, yCatBra, lambda,
allCoefSE = rep( NA, length( allCoef ) ),
method = "binary" ){
if ( method == "binary" ){
nCoef <- length( allCoef )

if ( length( allXVal ) != nCoef ){
stop( "argument 'allCoef' and 'allXVal' must have the same length" )
}

if( length( allCoefSE ) != nCoef ){
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stop( "argument 'allCoef' and 'allCoefSE' must have the same length" )
}
} else if ( method == "MNL" ){
# number of coefficients
NCoef <- length( allCoef )
mCoef <- matrix( allCoef, nrow = length( allXVal ))
nCoef <- dim( mCoef ) [1]
pCoef <- dim( mCoef ) [2]
# check arguments
if( length( allXVal ) != nCoef ){
stop( "argument 'allCoef' and 'allXVal' must have the same length" )
}
if( length( allCoefSE ) != NCoef ){
stop( "argument 'allCoef' and 'allCoefSE' must have the same length" )
}
} else if( method == "CondL"){
# number of coefficients
nCoef <- length( allCoef )
mXVal <- matrix( allXVal, nrow = nCoef )
pCoef <- dim( mXVal ) [2]
# check arguments
if ( dim( mXVal ) [1] != nCoef ){
stop( "argument 'allCoef' and 'allXVal' must have the same length" )
}
if ( length( allCoefSE ) != nCoef ){
stop( "argument 'allCoef' and 'allCoefSE' must have the same length" )
}
} else{
nCoef <- length( allCoef )
NCoef <- length( allCoefBra )
mXValBra <- matrix( allXValBra, nrow = NCoef )
nXValBra <- dim( mXValBra ) [1]
pXValBra <- dim( mXValBra ) [2]
# check arguments
if ( NCoef != nXValBra ){
stop( "arguments 'allCoefBra' and 'allXValBra' must have the same length")
}

0 <- length( allXVal )
nXVal <- unlist( lapply( allXVal, function(x) dim( x )[1] ) )
pCoef <- unlist( lapply( allXVal, function(x) dim( x )[2] ) )
if ( nCoef != nXVal[ yCatBra ] ){
stop( "arguments 'allCoef' and 'allXVal' must have the same length" )
}

if ( nCoef != length( allCoefSE) ){
stop( "arguments 'allCoef' and 'allCoefSE' must have the same length" )
}
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}

checkXPos( xPos, minLength = 1, maxLength = 2, minVal = 1, maxVal = nCoef )

refBound <- elalntBounds( refBound, 1, argName = "refBound" )
intBound <- elalntBounds( intBound, 1, argName = "intBound" )
if ( method == "binary" || method == "MNL" ){

if( any( !is.na( allXVall xPos ] ) ) ) {
allXVal[ xPos ] <- NA
warning( "values of argument 'allXVal[ xPos ]' are ignored",
" (set these values to 'NA' to avoid this warning)" )
}
telse if ( method == "CondL" ){
for( p in 1:pCoef ){
if ( any( !is.na( mXVall xPos, p 1 ) ) ){
mXVal[ xPos, p ] <- NA
warning( "values of argument 'allXVal[ xPos ]' are ignored",
" (set these values to 'NA' to avoid this warning)" )

}
}

telse{
for( p in 1:pCoef[ yCatBra ] ){
if( any( !is.na( allXVal[[ yCatBra ]1[ xPos, p ] ) ) ){
mXVal[ xPos, p ] <- NA
warning( "values of argument 'allXVal[ xPos ]' are ignored",
" (set these values to 'NA' to avoid this warning)" )
}

}
}

# calculate xzBars
intX <- mean( intBound )
refX <- mean( refBound )
if( length( xPos ) == 2 ) {
intX <- c( intX, EXSquared( intBound[1], intBound[2] ) )
refX <- c( refX, EXSquared( refBound[1], refBound[2] ) )
}
if( length( intX ) != length( xPos ) || length( refX ) != length( xPos ) ) {
stop( "internal error: 'intX' or 'refX' does not have the expected length" )
}
# define X' * beta
if ( method == "binary" ){
intXbeta <- sum( allCoef * replace( allXVal, xPos, intX ) )
refXbeta <- sum( allCoef * replace( allXVal, xPos, refX ) )
checkXBeta( c( intXbeta, refXbeta ) )
} else if( method == "MNL" ){
intXbeta <- colSums( mCoef * replace( allXVal, xPos, intX ) )
refXbeta <- colSums( mCoef * replace( allXVal, xPos, refX ) )
} else if( method == "CondL" ){
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mXValint <- mXValref <- mXVal
for( p in 1:pCoef ){
mXValint[ ,p] <- replace( mXValint[ ,p]l, xPos, intX )
mXValref [ ,p] <- replace( mXValref[ ,p], xPos, refX )
¥
intXbeta <- colSums( allCoef * mXValint )
refXbeta <- colSums( allCoef * mXValref )
} else{
mCoef <- matrix( rep( allCoef, 0 ), nrow = nCoef, 0 ) %*% diag( 1/ lambda )
mXValint <- mXValref <- allXVal
for( i in 1:0 ){
for( p in 1:pCoef[i] ){
mXValint [[i]][ ,p] <- replace( mXValint[[i]][ ,p], xPos, intX )
mXValref [[i]][ ,p] <- replace( mXValref[[i]]l[ ,p]l, xPos, refX )

}
}

refXbeta <- intXbeta <- rep( list( NA ), 0 )

for( 1 in 1:0 ){
intXbetal[[ 1 1] <- colSums( mCoef[ ,1 ] * mXValint[[ 1 1] )
refXbetal[[ 1 ]] <- colSums( mCoef[ ,1 ] * mXValref[[ 1 1] )

}

XbetaBra <- colSums( allCoefBra * mXValBra )

}
# effect E_{k,ml}
if ( method == "binary" ){

eff <- exp( intXbeta )/( 1 + exp( intXbeta ) ) -
exp( refXbeta )/( 1 + exp( refXbeta ) )
} else if( method == "MNL" ){
eff <- exp( intXbetal yCat ] )/( 1 + sum( exp( intXbeta ) ) ) -
exp( refXbetal yCat 1 )/( 1 + sum( exp( refXbeta ) ) )
} else if ( method == "CondL"){
eff <- exp( intXbetal[ yCat ] )/( sum( exp( intXbeta ) ) ) -
exp( refXbetal yCat ] )/( sum( exp( refXbeta ) ) )
} else{
intBranch <- refBranch <- rep( list( NA ), 0 )
for( 1 in 1:0 ){
intBranch[[ 1 ]] <- exp( XbetaBral[ 1 ] + lambdal 1 ] *
log( sum( exp( intXbetall 1 1] ) )
refBranch[[ 1 ]] <- exp( XbetaBral 1 ] + lambdal 1 ] *
log( sum( exp( refXbetall 1 11 ) )
}

intBranch <- unlist( intBranch )

refBranch <- unlist( refBranch )

eff <- exp( intXbetal[[ yCatBra ]][ yCat ] )/( sum( exp( intXbetal[[ yCatBra ]] ) ) ) =*
intBranch[ yCatBra ]/ sum( intBranch ) -
exp( refXbetal[ yCatBra 1][ yCat ] )/( sum( exp( refXbetal[ yCatBra ]] ) ) ) *
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refBranch[ yCatBra ]/ sum( refBranch )
}
# calculating approximate standard error
# partial derivative of E_{k,ml} w.r.t. all estimated coefficients
if ( method == "binary" ){
derivCoef <- rep( NA, nCoef )
derivCoef[ -xPos ] <- ( exp( intXbeta )/( 1 + exp( intXbeta ) )~2 -
exp( refXbeta )/( 1 + exp( refXbeta ) )2 ) *
allXvVal[ -xPos ]
derivCoef[ xPos ] <- exp( intXbeta )/( 1 + exp( intXbeta ) )"2 * intX -
exp( refXbeta )/( 1 + exp( refXbeta ) )72 * refX
} else if( method == "MNL" ){
derivCoef <- matrix( NA, nrow=nCoef, ncol=pCoef )
for( p in 1:pCoef ){
if ( p == yCat ){
derivCoef [ -xPos, p ] <-
( exp( intXbetal p ] ) *
(1 + sum( exp( intXbetal[ -yCat 1 ) ) )/
(1 + sum( exp( intXbeta ) ) )72 -
exp( refXbetal p ] ) *
( 1+ sum( exp( refXbetal[ -yCat 1 ) ) )/
(1 + sum( exp( refXbeta ) ) )"2 ) * allXVal[ - xPos ]
derivCoef [ xPos, p ] <-
( exp( intXbetal p ] ) *
(1 + sum( exp( intXbetal -yCat 1 ) ) )/
(1 + sum( exp( intXbeta ) ) )"2 ) * intX -
( exp( refXbetal p 1 ) *
(1 + sum( exp( refXbetal[ -yCat 1 ) ) )/
(1 + sum( exp( refXbeta ) ) )"2 ) * refX
} else{
derivCoef [ -xPos, p ] <-
( ( exp( refXbetal yCat ] ) * exp( refXbetal p 1 ) )/
(1 + sum( exp( refXbeta ) ) )"2 -
( exp( intXbetal yCat ] ) * exp( intXbetal p 1 ) )/
( 1+ sum( exp( intXbeta ) ) )~"2 ) * allXVal[ -xPos ]
derivCoef [ xPos, p ] <-
( ( exp( refXbetal yCat ] ) * exp( refXbetal p ] ) )/
(1 + sum( exp( refXbeta ) ) )72 ) * intX -
( ( exp( intXbetal[ yCat ] ) * exp( intXbetal p 1 ) )/
(1 + sum( exp( intXbeta ) ) )72 ) * refX

}
}
derivCoef <- c( derivCoef )
} else if( method == "CondL" ){

derivCoef <- rep( NA, nCoef )
derivCoef[ -xPos ] <- ( exp( intXbetal[ yCat] ) * mXVal[ -xPos, yCat] *
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sum( exp( intXbeta ) ) -
exp( intXbeta[ yCat]
mXVal[ -xPos, 1 ) )/
( sum( exp( intXbeta )
( exp( refXbetal yCat]
sum( exp( refXbeta )
exp( refXbeta[ yCat]
mXVal[ -xPos, 1 ) )/

A

* rowSums( exp( intXbeta ) *

)72 -
* mXVal[ -xPos, yCat] =*

N N N

* rowSums( exp( refXbeta ) *

( sum( exp( refXbeta ) ) )2
derivCoef[ xPos ] <- ( exp( intXbetal yCat] ) * intX *
sum( exp( intXbeta ) ) -
exp( intXbetal[ yCat] ) * sum( exp( intXbeta ) * intX ) )/
( sum( exp( intXbeta ) ) )"2 -
( exp( refXbetal yCat] ) * refX *
sum( exp( refXbeta ) ) -
exp( refXbetal yCat] ) * sum( exp( refXbeta ) * refX ) )/
( sum( exp( refXbeta ) ) )~2

else{
derivCoef <- rep( NA, nCoef )
PImp <- exp( intXbetal[ yCatBra ]][ yCat 1)/( sum( exp( intXbetal[ yCatBra ]]
PIlp <- exp( refXbetal[ yCatBra ]1[ yCat ])/( sum( exp( refXbetal[ yCatBra ]]
PImo <- intBranch[ yCatBra ]/ sum( intBranch )
PIlo <- refBranch[ yCatBra ]/ sum( refBranch )
Om <- matrix(
unlist( lapply( allXVal, function(x) rowSums( x[ -xPos, , drop = FALSE ] ) ) ),
ncol = 0 )
derivCoef[ -xPos ] <- ( ( allXVal[[ yCatBra ]][ -xPos, yCat ]/lambdal[ yCatBra ] -
( rowSums(
( allXval[[ yCatBra ]][ -xPos, ]/lambdal yCatBra ] ) %x%
diag( exp( intXbetal[[ yCatBra 1] ) ) ) )/
sum( exp( intXbetal[[ yCatBra ]1 ) ) ) ) +
rowSums ( allXVal[[ yCatBra ]]1[ -xPos, 1 ) -
rowSums ( Om %*% diag( exp( intBranch ) ) )/
sum( intBranch ) ) ) ) ) * PImp * PImo -
( allXVal[[ yCatBra ]][ -xPos, yCat ]/lambdal yCatBra ] -
rowSums (
( allXVal[[ yCatBra ]][ -xPos, ]/lambdal yCatBra ] ) %*%
diag( exp( refXbetal[[ yCatBra 11 ) ) ) )/
sum( exp( refXbetal[[ yCatBra 1] ) ) ) ) +
rowSums ( allXVal[[ yCatBra ]][ -xPos, ] ) -
rowSums ( Om %*% diag( exp( refBranch ) ) )/
sum( refBranch ) ) ) ) ) * PIlp * PIlo
( intX/lambdal yCatBra ] -
sum( intX/lambdal[ yCatBra ] =
exp( intXbetal[ yCatBra 11 ) ) )/
( sum( exp( intXbetal[[ yCatBra 11 ) ) ) ) +

) ) )
) ) )

N NN AN AN

derivCoef [ xPos ] <-

N AN NN AN
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intX * pCoef[ yCatBra ] -
sum( intX * exp( intBranch ) )/
sum( intBranch ) ) ) ) ) * PImp * PImo -
( refX/lambdal yCatBra ] -
sum( refX/lambdal[ yCatBra ] *

exp( refXbetal[ yCatBra 11 ) ) )/
sum( exp( refXbetal[[ yCatBra ]] ) ) ) ) +
refX * pCoef[ yCatBra ] -
sum( refX * exp( refBranch ) )/
sum( refBranch ) ) ) ) ) * PImp * PImo

N AN AN

N AN AN

}

vcovCoef <- diag( allCoefSE"2 )
effSE <- drop( sqrt( t( derivCoef ) %x*% vcovCoef %*} derivCoef ) )

result <- c( effect = eff, stdEr = effSE )
return( result )

where

e arguments allCoef = (fo,...,BK)' a vector of all coefficients from a binary logit
model, allCoef = (7o,...,7r) a vector of all coefficients from a conditional logit
model, allCoefBra = (f,...,BK)", a vector of all coefficients from a nested logit

model, where allCoefBra, the coefficients at the branch level, must always be in-
cluded in combination with allCoef, the coefficients at the twig level, or allCoef
= (Bots---,BK1,---,Bop,---,Bxp) a vector of the P sets of coefficients from the multi-
nomial logit regression which does not include any values for the reference category;

e argument allXVal = (1,...,Zx) ", a vector of all corresponding sample means and 1 for

the intercept for the binary or multi-nomial logit, al1XVal = (1,...,2Zr1,...,1,...,2r,p)
a vector of the P sets of explanatory variables from the conditional logit, or al1lXVal =
(1, ZRpo)s---s (1,0 ,QEKp,O))T, (L ZRp0), s (L ,Zrpo)) )T, a list
where the list elements are the corresponding matrices of the sample means for each nest
at the twig level,” and which must always be combined with the corresponding values at
the branch level in al1XVal;

e argument allCoefSE = (se (Bo),...,se(Bk))', a vector of standard errors for all coeffi-
cients of a binary or conditional logit regression or of the standard errors of the P sets
of coefficients in a multi-nomial logit regression;

e argument xPos = k + 1 or (k+ 1,k +2)" a scalar or vector of two elements indicating
the position of the coefficients of interest in vectors allCoef and allXVal;

e argument refBound = (b;_1, b;) indicates the boundaries of the reference interval;

9The reason why we make an exception from the usual vector in the case of the nested logit model is that
nests, o, can have different dimensions wrt P.
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argument intBound = (b,—1, b,,) indicates the boundaries of the interval of interest;

argument method = c("binary", "MNL", "CondL", "NestL" ) indicating the estima-
tor used, where option "CondL" can also be used to calculate the semi-elasticity and
standard error of a nested logit at the branch level and where option "NestL" estimates
the semi-elasticity and standard error of the combined probabilities at the branch and
twig level;

argument "lambda" is a vector of the O parameter of the correlation coefficient between
the the branch specific alternatives of interest, it is only relevant under option "NestL"
and should be set to 1 in case the estimation coefficients in allCoef are already corrected
by éﬁ'

Ao

finally, yCat a scalar identifying which of the P output categories is of interest, only
in combination with method = "MNL", "CondL", and "NestL" (for the twig level), and
yCatBra at the branch level.

# Example

eff6a <- logEffInt( allCoef

c( 0.33, 0.22, 0.05, 0.6 ),

allXVal = ¢( 1, NA, 0.16, 0.13 ),

xPos = 2,

refBound = c( 8, 12 ), intBound = c( 13, 15 ) )
eff6a
#it effect stdEr
## 0.0386895 NA

eff6b <- logEffInt( allCoef

c( 0.33, 0.22, 0.05, 0.6 ),
allXVal c( 1, NA, 0.16, 0.13 ),

xPos = 2,

refBound = c( 8, 12 ), intBound = c( 13, 15 ),

allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ) )

eff6b

##

effect stdEr

## 0.03868950 0.01057185

# Example

eff7a <- logEffInt( allCoef

c( 0.33, 0.22, 0.05, 0.6 ),

allXVal = c¢( 1, NA, NA, 0.0004 ),

xPos = ¢c( 2, 3 ),

refBound = c( 8, 12 ), intBound = c( 13, 15 ))

## Warning in checkXBeta(c(intXbeta, refXbeta)): At least one x’beta has an
implausible value: 13.2269066666667, 7.59690666666667

eff7a
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#it effect stdEr
## 0.0004999485 NA

eff7b <- logEffInt( allCoef c( 0.33, 0.22, 0.05, 0.6 ),
allXVal = c( 1, NA, NA, 0.13 ),
xPos = c( 2, 3 ),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ) )

## Warning in checkXBeta(c(intXbeta, refXbeta)): At least one x’beta has an
implausible value: 13.3046666666667, 7.67466666666667

eff7b

## effect stdEr
## 0.0004625630 0.0003872931

#Example

eff8a <- logEffInt( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, NA, 0.12 ),
xPos = 2,
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
yCat = 2, method = "MNL" )

eff8a

#i# effect stdEr

## -0.02698526 NA

eff8b <- logEffInt( allCoef c(0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),

allXVal = c( 1, NA, 0.12 ),

xPos = 2,

refBound = c( 8, 12 ), intBound = c( 13, 15 ),
yCat = 2,

allCoefSE = c( 0.003, 0.045, 0.007, 0.009, 0.0008, 0.9 ),
method = "MNL" )
eff8b

#it effect stdEr
## -0.02698526 0.01805266

#Ezample

eff9a <- logEffInt( allCoef c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, NA, NA ),
xPos = c( 2, 3),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
yCat = 2, method = "MNL" )

eff9a
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#it effect stdEr
## 0.0008810153 NA

eff9b <- logEffInt( allCoef = c( 0.2, 0.3, 0.5, -0.2, 0.03, 0.6 ),
allXVal = c( 1, NA, NA ),
xPos = ¢c( 2, 3),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
yCat = 2,
allCoefSE = c( 0.003, 0.045, 0.007, 0.009, 0.0008, 0.9 ),
method = "MNL" )
effob

## effect stdEr
## 0.0008810153 0.0802721893

#Ezample

eff10a <- logEffInt( allCoef = c( 0.2, 0.3, 0.5, 0.091 ),
allXvVal = c( 1, NA, NA, 2.45, 1, NA, NA, 0.79 ),
xPos = c( 2, 3 ),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
yCat = 2, method = "CondL" )

eff10a
## effect stdEr
## 5.551115e-17 NA

eff10b <- logEffInt( allCoef = c( 0.2, 0.3, 0.5, 0.091 ),
allXVal = c( 1, NA, NA, 2.45, 1, NA, NA, 0.79 ),
xPos = c( 2, 3 ),
refBound = c( 8, 12 ), intBound = c( 13, 15 ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.009 ),
yCat = 2, method = "CondL" )

eff10b

#i#t effect stdEr
## 5.551115e-17 8.894225e-01

# Exzample
matrixl <- matrix( c( 1, NA, 0.3, 0.09, 1, NA, 0.9, 1.8 ), nrow = 4 )
matrix2 <- matrix( c( 1, NA, 0.099, 0.211 ), nrow = 4 )
effl12a <- logEffInt( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = ¢c( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
refBound = ¢c( 0.5, 1.5 ), intBound = c( 2, 3.5 ),
xPos = 2, yCatBra = 1, yCat = 2, lambda = c( 0.8, 1),
method = "NestedL" )
effl12a
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#it effect stdEr
## 1.110223e-16 NA

matrixl <- matrix( c<( 1, NA, 0.3, 0.09, 1, NA, 0.9, 1.8 ), nrow

matrix2 <- matrix( c( 1, NA, 0.099, 0.211 ), nrow = 4 )

eff12b <- logEffInt( allCoefBra = c( 0.445, 0.03, -0.002 ),
allCoef = c( 1.8, 0.005, -0.12, 0.8 ),
allXValBra = c¢( 1, 3.3, 4.5, 1, 0.1, 0.987 ),
allXVal = list( matrixl, matrix2 ),
allCoefSE = c( 0.003, 0.045, 0.007, 0.0032 ),
refBound = c¢c( 0.5, 1.5 ), intBound = c( 2, 3.
xPos = 2, yCatBra = 1, yCat = 2, lambda = c(
method = "NestedL" )

4)

B

5)
0.8, 1),
effl12b

## effect stdEr
## 1.110223e-16 8.904229e+16

3.4. Grouping and re-basing categorical variables

We consider a regression model

5D (80 + yetnicpu 5575 + Someftatyyme n Do
Paty = 1) = 0 Dol 5+ ot ) (217)

L exp (ﬁo + 2 e, kP BiTi + Dmen,. ppme 5mDm)

1 if
Dy = R 2 R V3 (218)
0 otherwise

Like in section 1.4, the kth xplanatory variable is coded into M mutually exclusive categories
Cly. .., ey, With e, N =0V m # 1, and Dy, ..., D)y the corresponding dummy variables
In the case of a binary logit regression, equation (52) modifies to

Erir = Elyle € f] - Blylo € ¢} (219)
o exp (50 + 2 ek BT + Z%ﬂ OmE[Di |z € Cﬂ) (220)
 exp (B0 + Tyeqr, s B3 + St oDl € <))

exp <50 + 2 je .k Biti + >t Sm E[Dinla, € C:])
1+ exp (/30 + X jet .k Biti + > izt SmE[Diply, € C?])
o oXp (50 + 2 jequ, xpk Piti + Z%ﬂ 5mDml) (221)

1+ exp (50 + Zje{L...,K}\k Bjxj + Z,Ale 5msz>
exp (50 + Zje{L...,K}\k Bjx; + Z%zl 5’mDmr)

1 +exp (50 + 2 et kP BiTi + Yo 5mDmr)
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where D, is defined as in equation (56). Whilst for the case of the multi-nomial logit regres-
sion, equation (52) modifies to

M
exp (5049 + Zje{l,...,K}\k BipTi + D me 5m,pol)

M
L+ 3 peqi,.. pyp €XP (5043 + 2 e, Kk Bip®i 2 me 5m,pol)

Elirp = (222)

-----

B M
L+ > e, Py\p €XP (5049 + 2 je(1, Kk Bip®i T 2t 5m,por>

and for the case of the conditional logit regression, equation (52) modifies to
M
exXp ('VO + 2 et e ViZip T D met 5mDml)
M
2 pec OXP (’70 + 2 et e ViZip T 2om=1 5mDml>

M
exp (70 + Zje{l,‘..,T}\t Vizjp + Dmet 5mDmr)

Eirp = (223)

-----

and for the case of the nested logit regression, equation (52) modifies to

exp(Bo/ Ao + X jeqr, .. kpk Bi/ AoTip + E%:l m/XoDimi)
>_peB, eXP(Bo/Ao + Zje{l,..‘,K}\k B/ Aojp + Z%:l O/ XoDimi)
- exp(yo + Y1 Vezto + Aol Vo)
S exp(y0 + Yy Wzto + Aol Voy)
exp(Bo/Ao + Xjeqr,... kv Bi/ AoTip + Z%:1 S/ Ao Do)
> _peB, XP(Bo/ Ao + Zje{l,...,K}\k Bj/ Ao p + Zr]‘r{:I Om /Ao Dinr)
exp(0 + Ximy Wto + Aol Vo)
S exp(y0 + Yy Wezto + Aol Vor)

Et,lr,p,o =

(224)

where
M
IVo,l/r =1In Z exp 50/)\0 + Z ﬁj//\o:tjp + Z ’Ym/)\ODm,l/r . (225)
pEB, Jje{1,....K}\k m=1

In order to calculate the approximate standard error of the new effect Ej ., we again apply
the Delta method:

-
se(Ey ) = OFir - Var <5> . OBk (226)

@) el
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with the partial derivatives defined as

aEk,lT . expml(') o expmr(’)

B T+ expm(OF 1+ expo ()7 (221)
OBk expr()  expp, () SV

e (s e e L R AL I SAURC)
OBk _ _©wil) _p O Puel) p oy (229)

06m  [L+expy ()™ [+ exp, ()]

and for the multi-nomial logit as

aEkan . expml,p(') ’ (1 + Zoe{l,...,P}\p,p* eXpml,o('))

_ (230)
9Bo.p (143 et Prp ©XPmip()]?
_ expmr,p(') ’ (1 + Zoe{l,...,P}\p,p* expmr,o('))
[1 + ZpE{l,...,P}\p* eXpmr,p(')]2
6Ek,lr,p _ expmr,p(') expmr,o(') (231)
a50,0 [1 + Zpe{l,...,P}\p* eXpmr,p(')]2
_ eXpml,p(') eXpml,o(') 5 Yo 7& »
[1 + Zpe{l,.“,P}\p* expml,p(')]
8-Elc,lr,p . expmlm(‘)(l + Zoe{l,...,P}\p,p* expml,o(')) Ly (232)

8,33‘71) a [1 + Epe{l,...,P}\p* expml,p(')]2
B expmr,p(‘)(l + Zoe{l,‘..,P}\p,p* eXpmr,o(')) " Ty
[1 + ZpE{l,...,P}\p* expmr,p(')]Q

Vie{l,. .. K}\kk+1

8Ek,lr,p expm'r’,p(') eXpm'r,o(') “ Ly 233
T 2 (233)
a/BJ»O [1 + ZpG{l,...,P}\p* expmr,p(')]
_ OPmp(?) XPnio () - 2 s Vo#p je{l,.. . K}\kk+1
1+ ZpG{l,...,P}\p* eXPt (4]
aEk’vlﬁp _ expmlvp(')(l + Zoe{l,...,P}\p,p* eXpml,o(')) “ D (234)
86m,p [1 + Zpe{l ..... P}\p* eXpml,p(')]2
. eXmevp(')(l + 206{1,...,P}\p,p* eXpm'r,o(')) Dy
[1 + Zpe{l,...,P}\p* eXpmr,p(')]Q
8E1k,ml,p _ expmr,p(‘) expmr,o(‘) * Dyr B expml,p(') eXpml,o(') Dy (235)

8577%0 [1 + Zpe{l,...,P}\p* eXpmr,p(')]Q [1 + Zpe{l,...,P}\p* expml,p(')]2
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with

M

exp()=exp o+ > Bizj+ Y dmDu (236)
je{1,...K}\k m=1
M

exp,()=exp [ Bo+ Y. Bizj+ Y Dy (237)
je{1,...K}\k m=1

and for the conditional logit as

aEt,lr expml,p(') : ZpEC €XPmip — expml,p(') ’ ZpEC €XPmip

- (238)
870 [Zpec €Xpm1<')]2
- expmr,p(') ’ ZPEC CXPmprp — expmr,p(') ’ ZPEC CXPmrp
[ZpeC expmr(')P
aEt,lr o expml,p(')zj:p ’ ZpeC CXPmilp — eXpml,p(') ’ ZpeC CXPml,p %j,p (239)

dv; > pec exppu ()]
_ expmr,p(')zjvp : ZpGC CXPmrp — expmr,p(') : ZpeC CXPmr.p %j,p

> pec &P ()2

Vje{l,... T\t

aEt,lr . expml,p(')DMZ ’ ZpeC CXPmilp — expml,p(') ’ ZpEC €XPmip Dy (240)
Dom [Zpec expml(')]2
_ expmr,p(')DmT : ZpeC CXPmprp — expmr,p(') : ZpEC CXPmr,p D,

> pec &P ()]

Tszl,...,M

(241)
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and for the nested logit as

aEO,p,l'r _ (( 1 ZPEBO (expo,p7 ( ){,)) +

A
)‘0 ZpEB eXpop l( )

0 |\ e, (@xpopl()1/A0)
S pep, (5Popi()5) 201 <e"pw<> P — )
o

9B Ao

Ao
*Tp,1To,l
ZPGBO eXpO7p7 ( ) ZOI]. eXpO,l(.)
_ i _ ZPEBO eXp07p7 )\io +
2 _peB, XPopr (")
). 7 >\0)
o pEBO (expo,p,r()1/
pEB eXpth () )%o ! < Xpor pEBoeXpo’p’T(') Ty T,
pGB expo,p r( ) 0 1 expor( ) prior
(242)
aE 7p lr . pEB (expo,p7 ( ) ) 4
pGB expo,pl(
(@] . ZPGBO(exp07p7l(’)xjvp/)‘0)
p B, (€XPo (- )zf(,]) 2o=1 (eXpOJ( ) 20€Bo expo 5.1 ()
- o) *Tp,iTo,1
peBo eXpovp» ( ) Zo:l eXpO,l(.)
pr pGBo (e po,p, ( )m)z;p)
- +
ZpEBO 528 po,p,r( )
_ o 1\ 2peB, (€xPop,r()Tjp/Xo)
pEB eXpoJD 7"( )xi;()]) ZO:l (expom( ) ZPEBO eXPo,p,r (") oo
- O “lp,rftor
Y peB, XPopr () > o1 €XDg - (+)
(243)
Dy, p,
aE 7p lr ,p L pEBo (expo,p,l () ,\ép l ) +
ZpeBo expo,p,l(‘)
O ZPEBO (exp 0,p,l(-) Din,p,1/Xo)
D,, _ e .
ZpeB eXpo,pl( ) )\;p,l) Zoil ( Xpo’l( ) 2 peB, expy p 1 () .
- T piTto,l
2 peB, XPop () Yo expo, ()
Dp, T
o xjp . pEBO (e po,p, () )\;p ) +
A0 ZpeBo ex po,p,r(')
o] ZPGBO (exp 0,p,7(*) Dm,p,r /o)
Dppor _ e .
ZPEBO (eXpom,r(')/\i’opy) 2e0=1 ( *Pos () 2peBo exbo,p,r () -
- “ip,ritor
ZpEBO expo,p,r(') 2321 eXpOI(')
(244)
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with

M
expyoi() = exp | Bo/dot D Bi/roTipt D dm/AoDmpi (245)
je{1,.... K}\k m=1
M
expyo ()= exp | Bo/dot D Bi/XeTipt D dm/AoDmpy (246)
je{l,..K\k m=1
T
eXpl/r,o(') = exp ('70 =+ Z Y2t + /\OIVO> (247)
t=1

The following function calculates the effect Ej ;. and its standard error in accordance with
equations (221), and (226) to (237) for the binary logit, effect Ej ., and its standard error in
accordance with equations (222) and (230) to (235) for the multi-nomial logit, and effect Ey .,
and its standard error in accordance with equations (223) and (238) to (241):

logEffGr <- function( allCoef, allXVal, xPos, Group, yCat = NA,
allCoefSE = rep( NA, length( allCoef ) ),
method = "binary" ){

if ( method == "binary" ){
nCoef <- length( allCoef )
xCoef <- allCoef[ xPos ]
xShares <- allXVal[ xPos ]

} else if( method == "MNL" ){
nCoef <- length( allCoef )
mCoef <- matrix( allCoef, nrow
NCoef <- dim( mCoef ) [2]
pCoef <- dim( mCoef ) [1]
xCoef <- mCoef[ xPos, ]
xShares <- allXVal[ xPos ]

} else{
nCoef <- length( allCoef )
xCoef <- allCoef[ xPos ]
mXVal <- matrix( allXVal, nrow = nCoef )
pCoef <- dim( mXVal ) [2]
xShares <- mXVal[ xPos, ]

length( allXVal ) )

1
if ( method == "binary" || method == "MNL" ){
if ( sum( xShares ) > 1 ){
stop( "the shares in argument 'xShares' sum up to a value larger than 1" )
}
} else{

for( p in 1:pCoef ){
if ( sum( xShares[ , p ] ) > 1 ){
stop( "the shares in argument 'xShares' sum up to a value larger than 1" )
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}
}

}

if ( method == "binary" ){
if( length( xCoef ) != length( xShares ) ){

}

stop( "arguments 'xCoef' and 'xShares' must have the same length" )

if ( length( xCoef ) != length( Group ) ){

}

stop( "arguments 'xCoef' and 'Group' must have the same length" )

} else if( method == "MNL" ){
if ( dim( xCoef )[1] !'= length( xShares ) ){

}

stop( "arguments 'xCoef' and 'xShares' must have the same length" )

if ( dim( xCoef )[1] !'= length( Group ) ){

}

stop( "arguments 'xCoef' and 'Group' must have the same length" )

} else{
if ( length( xCoef ) != dim( xShares )[1] ){

}

stop( "arguments 'xCoef' and 'xShares' must have the same length" )

if( length( xCoef ) != length( Group ) ){

}
}

if (

stop( "arguments 'xCoef' and 'Group' must have the same length" )

1211( Group %in% c( -1, 0, 1) ) ){

stop( "all elements of argument 'Group' must be -1, 0, or 1" )

}
if ( method == "binary" ){
# D_mr
DRef <- sum( xCoef[ Group == -1 ] #* xShares[ Group == -1 1) /

sum( xShares[ Group == -1 ] )

XBetaRef <- sum( allCoef[ -xPos ] * allXVal[ -xPos ]) + DRef
# D_ml

DEffect <- sum( xCoef[ Group ==

1 * xShares[ Group == 1 1) /
sum( xShares[ Group == 1 ] )

XBetaEffect <- sum( allCoef[ -xPos ] * allXVal[ -xPos ]) + DEffect
# effect
effeG <- exp( XBetaEffect )/( 1 + exp( XBetaEffect ) ) -

exp( XBetaRef )/( 1 + exp( XBetaEffect ) )

} else if ( method == "MNL" ){
# D_mr
DRef <- colSums( xCoef[ Group == -1, , drop = FALSE ] *
xShares[ Group == -1 1 )/
sum( xShares[ Group == -1 ] )

XBetaRef <- colSums( mCoef[ -xPos, , drop = FALSE ] *
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allXVal[ -xPos ]) + DRef

# D_ml
DEffect <- colSums( xCoef[ Group == 1, , drop = FALSE ] *

xShares[ Group == 11 )/

sum( xShares[ Group == 1 ] )
XBetaEffect <- colSums( mCoef[ -xPos, , drop = FALSE ] *
allXVal[ -xPos ]) + DEffect
# effect
effeG <- exp( XBetaEffect[ yCat ] )/( 1 + sum( exp( XBetaEffect ) ) ) -
exp( XBetaRef[ yCat ] )/( 1 + sum( exp( XBetaRef ) ) )

} else{
# D_mr
DRef <- colSums( xCoef[ Group == -1 ] =*
xShares[ Group == -1, , drop = FALSE ] )/
sum( xShares[ Group == -1, , drop = FALSE ] )

XBetaRef <- colSums( allCoef[ -xPos ] *
mXVal[ -xPos, , drop = FALSE ] ) + DRef

# D_ml
DEffect <- colSums( xCoef[ Group == 1 ] *
xShares[ Group == 1, , drop = FALSE ] )/
sum( xShares[ Group == 1, , drop = FALSE ] )

XBetaEffect <- colSums( allCoef[ -xPos ] *
mXVal[ -xPos, , drop = FALSE ] ) + DEffect
# effect
effeG <- exp( XBetaEffect[ yCat ] )/( sum( exp( XBetaEffect ) ) ) -
exp( XBetaRef[ yCat ] )/( sum( exp( XBetaRef ) ) )

}
# partial derivative of E_{k,ml} w.r.t. all estimated coefficients
if ( method == "binary" ){

derivCoef <- rep( NA, nCoef )
derivCoef[ -xPos ] = ( exp( XBetaEffect )/( 1 + exp( XBetaEffect ))~2 -
exp( XBetaRef )/( 1 + exp( XBetaRef ))"2 ) *
allXVal[ -xPos ]
derivCoef[ xPos ] = exp( XBetaEffect )/( 1 + exp( XBetaEffect)) 2 * DEffect -
exp( XBetaRef )/( 1 + exp( XBetaRef ))~2 * DRef
} else if ( method == "MNL" ){
derivCoef <- matrix( NA, nrow=pCoef, ncol=NCoef )
for( p in 1:NCoef ){
if( p == yCat ){
derivCoef [ -xPos, p ] <-
( exp( XBetaEffect[ p ] ) *
(1 + sum( exp( XBetaEffect[ -yCat ] ) ) )/
(1 + sum( exp( XBetaEffect ) ) )~2 -
exp( XBetaRef[ p 1 ) *
(1 + sum( exp( XBetaRef[ -yCat ] ) ) )/
(1 + sum( exp( XBetaRef ) ) )"2 ) * allXVal[ -xPos ]
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derivCoef [ xPos, p ] <-
( exp( XBetaEffect[ p ] ) *
(1 + sum( exp( XBetaEffect[ -yCat ] ) ) )/
(1 + sum( exp( XBetaEffect ) ) )"2 ) * DEffect -
( exp( XBetaRef[ p ] ) *
(1 + sum( exp( XBetaRef[ -yCat 1 ) ) )/
(1 + sum( exp( XBetaRef ) ) )~2 ) * DRef
} else{
derivCoef [ -xPos, p ] <-
( ( exp( XBetaRef[ yCat ] ) * exp( XBetaRef[ p 1 ) )/
(1 + sum( exp( XBetaRef ) ) )"2 -
( exp( XBetaEffect[ yCat ] ) * exp( XBetaEffect[ p ] ) )/
(1 + sum( exp( XBetaEffect ) ) )"2 ) * allXVal[ -xPos ]
derivCoef [ xPos, p ] <-
( ( exp( XBetaRef[ yCat ] ) * exp( XBetaRef[ p ] ) )/
(1 + sum( exp( XBetaRef ) ) )"2 ) * DRef -
( ( exp( XBetaEffect[ yCat ] ) * exp( XBetaEffect[ p ] ) )/
(1 + sum( exp( XBetaEffect ) ) )~2 ) * DEffect

}
}

derivCoef <- c( derivCoef )
} else{
derivCoef <- rep( NA, nCoef )
derivCoef[ -xPos ] = ( exp( XBetaEffect[ yCat ] ) * mXVal[ -xPos, yCat ] *
sum( exp( XBetaEffect ) ) -
exp( XBetaEffect[ yCat ] ) * sum( exp( XBetaEffect ) *
mXVal[ -xPos, 1 ) )/
( sum( exp( XBetaEffect ) ) )"2 -
( exp( XBetaRef[ yCat ] ) * mXVal[ -xPos, yCat ] *
sum( exp( XBetaRef ) ) -
exp( XBetaRef[ yCat ] ) * sum( exp( XBetaRef ) *
mXVal[ -xPos, 1 ) )/
( sum( exp( XBetaRef ) ) )~2
derivCoef[ xPos ] = ( exp( XBetaEffect[ yCat ] ) * DEffect[ yCat ] *
sum( exp( XBetaEffect ) ) -
exp( XBetaEffect[ yCat ] ) *
sum( exp( XBetaEffect ) * DEffect[ yCat ] ) )/
( sum( exp( XBetaEffect ) ) )"2 -
( exp( XBetaRef[ yCat ] ) * DRef[ yCat ] *
sum( exp( XBetaRef ) ) -
exp( XBetaRef[ yCat ] ) *
sum( exp( XBetaRef ) * DRef[ yCat ] ) )/
( sum( exp( XBetaRef ) ) )~2
}
# variance covariance of the coefficients (covariances set to zero)
vcovCoef <- diag( allCoefSE~2 )
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effeGSE <- drop( sqrt( t( derivCoef ) %x% vcovCoef %xJ, derivCoef ) )
result <- c( effect = effeG, stdEr = effeGSE )
return( result )

}

where argument allCoef = (8o, ..., Bk—1, Bkt1s---, Bk, 01,...,0n)  are the coefficients of
the binary or conditional logit regression or allCoef = (8.1, - -, Bk—1.1, Bk+1,1,- - - BK,1, 01,1, - - -, 00,1, Bo,ps - - -
a vector of all the P sets of coefficients from the multi-nomial logit regression which
does not include any wvalues for the reference category, with the coefficient of
the reference group of the kth wvariable set to zero; argument allXVal =
(%1, .. Th—1, Thtly-- - TK,S1,---,51)  are the mean values of the respective explana-
tory variables and the shares of each of the categories of the kth variable which
includes the share of the reference group of the kth variable or allXVal =
(ZQJ,...,Zt_1J,2t+1J,...,2111,81J,...,SA4J,...,ZOJD,...,Zt_lJD,Zt+1J),...,ijp,leD,...,SA4JD)T
are the mean values of the P sets of explanatory variables and the P sets of shares of the
tth variable which includes the share of the reference group of the ¢{th variable;
argument xPos is a vector of at least two elements indicating the position of the kth
or tth variable in arguments allCoef and allXVal; argument Group is a vector of at
least two elements consisting of —1s, Os, and 1s, where a —1 indicates that the category
belongs to the new reference category, a 1 indicates that the category belongs to the new
category of interest, and a zero indicates that the category belongs to neither; argument
allCoefSE = (se(fp),...,se (Br_1),5¢ (Brt1),---,s¢(BK),se(01),...,se(dr))" are the stan-
dard errors of all coefficients of the binary or conditional logit regression or allCoefSE =
(se(Bo1)s---»se(Br-1,1),5€ (Bry1,1)s 58 (Br1)8e (01,1), - - - 8€ (Oar,1),8€ (Bo,p)s - - - 8€ (Br—1,p),5€ (Brt1,p), -
of the multi-nomial logit, respectively, where the standard error for the reference
group is included as zero; argument method = "binary", "MNL", "CondL" identifies
the estimator chosen, where "binary" indicates the binary logit estimator, "MNL" indicates
the multi-nomial logit estimator, and "CondL" indicates the conditional logit; yCat is only
relevant in connection with method "MNL" or "CondL" and indicates the pth output category
of the multi-nomial logit that is of interest. Elements of arguments allCoef, allXVal, Group,
and allCoefSE that belong to a category that is neither in the reference category nor in
the category of interest, i.e., categories m with D,,, = D,,; = 0, can be omitted but the
ommission must be consistent for all four arguments.

eff10a <- logEffGr( allCoef = c( 0.28, 0.003, 0.0075, 0, -0.034,
-0.005, 0.89, -1.2 ),
allXVal = ¢( 1, 0.1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = ¢( 2:6 ), Group = c( 0, -1, -1, 1, 1) )

eff10a
## effect stdEr
## -5.339996e-07 NA

eff10b <- logEffGr( allCoef = c( 0.28, 0.003, 0.0075, 0, -0.034,
-0.005, 0.89, -1.2 ),
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allXvVal = c( 1, 0.1, 0.3, 0.25, 0.15, 0.2, 2.34, 10.8 ),
xPos = ¢c( 2:6 ), Group = c( 0, -1, -1, 1, 1),
allCoefSE = ¢( 0.03, 0.0001, 0.005, 0, 0.01,
0.004, 0.05, 0.8 ) )
eff10b

## effect stdEr
## -5.339996e-07 4.613867e-06

# Example
efflla <- logEffGr( allCoef c( 0.28, 0.003, 0.0075, 0, -0.034,

-0.005, 0.89, 0, 0.005, 0.06, 1.7, 0 ),

allXval = c( 1, 0.5, 0.3, 0.2 ), xPos = c( 2:4 ),
Group = c( -1, -1, 1 ), yCat = 2, method = "MNL" )
efflla
#it effect stdEr
## -0.0131091 NA

effl1lb <- logEffGr( allCoef c( 0.28, 0.003, 0.0075, 0, -0.034,
-0.005, 0.89, 0, 0.005, 0.06, 1.7, 0 ),
allXval = c( 1, 0.5, 0.3, 0.2 ), xPos = c( 2:4 ),
Group = c( -1, -1, 1 ), yCat = 2, method = "MNL",
allCoefSE = ¢( 0.03, 0.0001, 0.005, 0, 0.01, 0.004,

0.05, 0, 0.004, 0.5, 0.0078, 0 ) )

effl1lb

#it effect stdEr
## -0.013109100 0.003044428

# Example
eff12a <- logEffGr( allCoef = c( 0.28, 0.003, 0.0075, 0 ),
allXVal = ¢c( 1, 0.5, 0.3, 0.2, 1, 0.4, 0.4, 0.1 ),
xPos = c( 2:4 ),
Group = c( -1, -1, 1 ), yCat = 2, method = "CondL" )
effl12a
## effect stdEr
## -7.03125e-05 NA

eff12b <- logEffGr( allCoef c( 0.28, 0.003, 0.0075, 0 ),
allXVal = ¢c( 1, 0.5, 0.3, 0.2, 1, 0.4, 0.4, 0.1 ),
xPos = c( 2:4 ),
allCoefSE = c( 0.03, 0.0001, 0.005, 0 ),
Group = c( -1, -1, 1 ), yCat = 2, method

"CondL" )
eff12b

## effect stdEr
## -7.03125e-05 1.23272e-21

82



APPENDIX

A. Additional helper functions

The following code defines a helper function that checks argument xPos of some functions that
are defined above:

checkXPos <- function( xPos, minLength, maxLength, minVal, maxVal,
requiredVal = NA ) {
if ( any( xPos != round( xPos ) ) ) {
stop( "argument 'xPos' must be a vector of integers" )
}
if( length( xPos ) < minLength ) {
stop( "argument 'xPos' must have a length equal to or larger than ",
minlLength )
}

if( length( xPos ) > maxLength ) {
stop( "argument 'xPos' must have a length smaller than or equal to ",
maxLength )

if( any( xPos < minVal ) ) {
stop( "all elements of argument 'xPos' must be equal to or larger than ",
minVal )
}

if ( any( xPos > maxVal ) ) {
stop( "all elements of argument 'xPos' must be smaller than or equal to ",
maxVal )
}

if ( max( table( xPos ) ) > 1) {
stop( "all elements of argument 'xPos' may only occur once" )
}
if( !is.na( requiredval ) ) {
if ( sum( xPos == requiredVal ) != 1) {
stop( "argument 'xPos' must have exactly one element that is ",
requiredVal )

The following code defines a helper function that checks whether £y + Z]K:1 Bjx; has a
plausible value:

checkXBeta <- function( xBeta ) {
if( any( abs( xBeta ) > 3.5 ) ) {
warning( "At least one x'beta has an implausible value: ",

paste( xBeta, collapse =", " ) )
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