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1 Introduction

The R package sae estimates characteristics of the domains of a population, when
a sample is available from the whole population, but not all the target domains
have a sufficiently large sample size. This document describes the methodology
behind the functions of the package, giving the exact formulas and procedures
implemented in each function.

The following notation will be used through all this document. U denotes the
target population, assumed to be partitioned into D subsets Uy, ...,Up called
indistinctly domains or areas, of respective sizes Ny, ..., Np. The measurement
of the variable of interest for j-th individual within d-th area is denoted Yy and
ya = (Yar,...,Yan,) is the vector with the measurements for d-th area. The
target domain parameters have the form d; = hy(yq), d = 1,..., D, for known
real measurable functions hy(). Particular cases of 04 are the domain means

Ny
0a=Yy=N;'Y Yy d=1,..D.
j=1

These parameters are estimated using the information coming from a random
sample s of size n drawn from U. Here, s, is the subsample of size ng from domain
Ug,d=1,...,D, wheren = 25:1 ng, and rqy = Uy — s4 is the sample complement
from domain d, of size Ny —ng, d=1,...,D.

2 Function direct

Function direct estimates the area means Yy, d = 1, ..., D, where, for each area
d, the estimator of Yy is calculated using only the sample data s; from that same
domain d. The obtained estimators are unbiased with respect to the sampling
design (design-unbiased). The call to the function is

direct(y, dom, sweight, domsize, data, replace = FALSE)

The particular estimator calculated by the function depends on the specified
arguments replace and sweight, related to the sampling design. If replace
is TRUE, the sampling design is assumed to be with replacement and otherwise
without replacement. The sampling weights should be introduced through the
argument sweight, but when this argument is dropped, the function assumes
simple random sampling (SRS). Under SRS, the sizes of the domains Ny, d =
1,...,D (domsize) are unnecessary.

2.1 Sampling without replacement

Consider that the sample sy is drawn without replacement within domain U, d =
1,...,D. Let w4 be the inclusion probability of j-th unit from d-th domain in the
corresponding domain sample sq and let wy; = 7@.1 be the corresponding sampling
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weight. The unbiased estimator of Y; is the Horvitz-Thompson estimator, given

by
VPR = Ny ZYdJ N Y wyYa.

JESq JESq

Now let mq i be the inclusion probability of the pair of units j and k& from d-th
domain in the sample s4. The sampling variance is given by

Na 2 Na
~ 1 Y LY, Y,
DIR § : d] 2 : dj dk
VW(}/d ) :m 1—7de +2 —_— Wd]k—ﬂ'd]ﬂ'dk)
d |52 Td =1 p—1 i Tdk
k>j

If mq % > 0, V(j, k), an unbiased estimator of this variance is given by

. A 1 Y2 Y. Y. _
Vﬂ_(y:jDIR) _ = Z de +9 Z Z dj dlc 7de/€ 7de7Tdk) . (1)

JESq d JESq k€sy Tdj Tk Td,jk

k>3
This estimator requires the second order inclusion probabilities, but many times
these are not available. Then, it is common to find an approximation of (1).
A simple approximation is obtained by considering mq i ~ mq;T4r, Which holds
exactly in the case of Poisson sampling. This approximation makes the second
sum in (1) equal to zero and leads to the estimator

N2 1 1-— Tdi
Vw(YdDIR) = 32 Z 2 ]ng'

JESd 4

Writing the approximate unbiased estimator of the variance in terms of the sam-
pling weights wy; (sweight), we get the expression provided by function direct
when the argument sweight is specified,

¥ DIR § : 2
V ( U}d] U)d] Ydj'

JESd

Under SRS without replacement, the result of the previous estimator does not
coincide with the usual unbiased estimator. Thus, when the argument sweight
is dropped, the function direct assumes SRS without replacement and returns
the usual unbiased estimators under this design
o A Fay S2
Yo=ga=ng' ) Yo, Va(YP™) =(1—fo)2

JESa

where f; = ng/Ng is the domain sampling fraction and S2 is the domain quasi-
variance S3 = (ng — 1)~ > ., (Yo — ¥a)*.



2.2 Sampling with replacement

Now consider the case in which s; is drawn with replacement within domain Uy,
d=1,...,D, with initial selection probabilities Py, j = 1,..., N4. In this case,
the unbiased estimator of the domain mean is given by

Y.

DIR _tdj

N E .
7ld}%ﬁ

J€sq
To obtain this estimator, the argument sweight must contain the vector of
weights calculated as wg = (ngPy)™", j € s¢, d = 1,...,D. Using these
weights, the unbiased estimator of Y, calculated by the function direct with
replace=TRUE has exactly the same shape as that one in Section 2.1, i.e.

DIIE -1 § :
thﬁib

J€s4

The sampling variance of this estimator is given by
Ng 2
2 1 Y -
V(YT = — —% Y, ) Py

and using again wy; = (ndej)_l, we obtain the unbiased variance estimator
calculated by the function direct,

1 Yy = 1 -2
VYD]R _}: _Yd_ _ yDIR :_§:< AY~—Y>

JESq JE€S4

Under SRS with replacement, the population sizes N, (domsize) are not needed.
Thus, when the argument domsize is dropped, the function assumes SRS and
calculates the classical unbiased estimators

P =ga=ng' Y Yy, ViV =ng'S),

3 Function pssynt

Indirect estimators “borrow strength” from other domains by making assumptions
establishing some homogeneity relationship among domains. The post-stratified
synthetic estimator is a basic indirect estimator. It assumes that data are dis-
tributed into K groups (called post-strata) that cut across the domains, and such
that the within group mean is constant across domains. The groups are assumed
to have sufficient sample sizes to allow obtaining accurate direct estimates of the
group means. These assumptions allow us to estimate a domain mean using a
weighted combination of the (reliable) estimates of the group means. The func-
tion pssynt calculates post-stratified synthetic estimates of the domain means
Y, d=1,...,D. The call to this function is



pssynt(y, sweight, ps, domsizebyps, data)

More specifically, the post-stratified synthetic estimator considers that there
is a grouping variable (ps) which divides the data into K post-strata. The
population count in the crossing between post-stratum k£ and domain d, Ny
(domsizebyps), is assumed to be known for all k and d with Ny = S°8 | Ny.
Then, the mean of domain d can be calculated as a weighted combination of the

means in the crossings of domain d with each post-strata Yy, k= 1,..., K, as
follows

_ 1 & _

Vo= ; NarYar. (2)

Under the assumption of constant mean across domains within each post-stratum,
}_/dk:Y_;’_k, kzl,...,K,

where Y, denotes the mean of post-stratum k, an estimator ofin can be obtained
by replacing Y, = Yy in (2) by some direct estimate of Vi, £k = 1,... K.
Thus, we estimate the domain mean Y, using all the observations from the post-
strata that cut across that domain. To estimate Y., we consider the ratio HT
estimator, given by
R y DIR
V, , =
+k — = ’
NET

(3)

where fffkm is the direct estimator of the total Y.5'® in post-stratum & and
N f,f R is the direct estimator of the population count in the same post-stratum,
Ny, calculated using the sampling weights wg; (sweight) of the units in that
post-stratum. Replacing (3) for Yy in (2), we obtain the post-stratified synthetic
estimate returned by the function pssynt,

A

K
1 ~
VN = — 3 Ny
Na i3

4 Function ssd

The direct estimator of Yj is inefficient for a domain d with a small sample size.
On the other hand, the post-stratified synthetic estimator is biased when the
means across domains within a post-stratum are not constant, which is likely to
occur in practice. To balance the bias of a synthetic estimator and the insta-
bility of a direct estimator, Drew, Singh & Choudhry (1982) proposed to take a
weighted combination (or composition) of the two, with weight depending on the
sample size of the domain. Thus, the function ssd estimates the domain means
Yy, d=1,...,D by a kind of composite estimators called sample-size dependent
estimators. The call to this function is

ssd(dom, sweight, domsize, direct, synthetic, delta = 1, data)
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As mentioned above, the sample-size dependent estimator is obtained by com-
position of a direct estimator (direct) and a synthetic estimator (synthetic),
both specified by the user, that is,

A

Yo = 0a¥ M+ (1= 0a)Y
The composition weight ¢, is obtained as

b=l L NP> 6Ny
NPIR/(§Ny), NPIE < §N,,

for Ny known (domsize) and for a given constant 6 > 0 (delta). Thus, for a
domain with sample size large enough so that the estimated count N DIR ig greater
tAhan 0Ny, the sample size dependent estimator becomes the direct estimator
YPIE Otherwise, it becomes the composition of the direct and the synthetic

estimator }i/dSYN . The constant § (delta) controls how much strength to borrow
from other domains by attaching more or less weight to the synthetic estimator,
with a large value of § meaning to borrow more strength.

5 Function eblupFH

Fay-Herriot (FH) models were introduced by Fay & Herriot (1979) to obtain
small area estimators of median income in small places in the U.S. These models
are well known in the literature of small area estimation (SAE) and are the basic
tool when only aggregated auxiliary data at the area level are available. The
function eblupFH estimates domain characteristics 64 = hq(yq), d = 1,..., D,
based on the mentioned FH model, and the call to this function is

eblupFH(formula, vardir, method = "REML", MAXITER = 100,
PRECISION= 0.0001, data)

The basic FH model is defined in two stages. First, since true values 6,4 are
not observable, our data will be the direct estimates 027F (left hand side of
formula). These estimates have an error and this error might be different for
each area because samples sizes in the areas are generally different. Thus, in
the first stage, we assume the following model representing the error of direct
estimates,

SRR =Syt eq ea ™ N(O,4), d=1,...,D, 4)

and referred to as sampling model, where 14 is the sampling variance (vardir)
of direct estimator 551 R given 9,4, assumed to be known for all d.

In a second stage, true values ¢4 are assumed to be linearly related with a
vector of auxiliary variables (right hand side of formula),

itd

5d:X/d,6+Ud, UdNN(O,A), dzl,...,D, (5)



where vy is independent of e4, d = 1,...,D. This is called the linking model
because it links all the areas through the common model parameter 3. Replacing
(5) in (4), we obtain

P =XiB+vateq va N(0,A), ea ™ N(0,¢a), d=1,...,D,
or equivalently,

SPIR M N(x\B, g+ A), d=1,...,D. (6)

_ In matrix notation, (6) may be written as y ~ N{X3,%(A)}, where y =
(6PIR . §BIRY X = (x4,...,xp) and B(A) = diag(A+1,..., A+¢p). The
best linear unbiased predictor (BLUP) of 4, is given by

~ A q/} o ) 5
G = 07— A - XiB()

= {1 Ba(A)}o7"" + Ba(A) x3B(A), (7)

where By(A) = 14/(A+1,) and B(A) is the maximum likelihood (ML) estimator
of B obtained from (6) and also the weighted least squares (WLS) estimator of
B3 without normality assumption, given by

BlA) = (X' HAX}X'E Ay

- {Z<A + 2/Jd)_leX;l} Z(A +4hg) "xg0" (8)

d=1 d=1

Expression (7) shows that d, is obtained by composition of the direct esti-
mator ci?m and the regression synthetic estimator X&B(A), with more weight
attached to the direct estimator when 4 is small relative to the total variance
A + 14, which means that the direct estimator is reliable, and more weight at-
tached to the regression synthetic estimator x/;,3 when the direct estimator is
not reliable enough and then more strength is required to borrow from the other
domains.

Since A is unknown, in practice it is replaced by a consistent estimator A.
Several estimation methods (method) for A are considered including a moment
estimator called Fay-Herriot (FH) method, maximum likelihood (ML) and re-
stricted (or residual) ML (REML), see the next subsections. Substituting the
obtained estimator A for A in the BLUP (7), we get the final empirical BLUP
(EBLUP) returned by eblupFH, and given by

0q = 0q(A) = {1 — By(A)}oP"" 4 By(A)X,3, (9)
where 3 = B(A).

Function eblupFH delivers, together with the estimated model coefficients,
i.e. the components of 3, their asymptotic standard errors given by the diagonal
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elements of the Fisher information depending on the specified estimation method
(method), the Z statistics obtained by dividing the estimates by their standard
errors, and the p-values of the significance tests. Since for large D, the three
possible estimators satisfy

B~N{B.I'B)},

where Z(3) is the Fisher information, then the Z statistic for a coefficient 3; is

Zj:Bj/\/vjﬁ jzlv"'7p7

where v;; is the estimated asymptotic variance of Bj, given by the j-th element
in the diagonal of Z~!(3). Finally, for the test

Hy:3;=0 versus H:f; #0,
p-values are obtained as
p-value = 2 P(Z > |Z;]),

where 7 is a standard normal random variable.

Three different goodness of fit measures are also delivered by function eblupFH.
The first one is the estimated log-likelihood E(A B; y), obtained by replacing the
obtained estimates A and 3 in (12). The second criteria is the Akaike Information
Criteria (AIC), given in this case by

AIC = —2/0(A, B;y) + 2(p + 1).
Finally, the Bayesian Information Criteria (BIC) is obtained as

A

BIC = —2((A, B;y) + (p + 1) log(D).

5.1 FH fitting method

FH method gives an estimator of A based on a moments method originally
proposed by Fay & Herriot (1979). The FH estimator is given by Apy =
max(0, Ay ) with A}, obtained iteratively as the solution of the following non-
linear equation in A,

D (A4 ) O - x,B(A)} =D —p. (10)
d=1

This equation is solved using an iterative method such as the Fisher-scoring
algorithm. For this, let us define

D
Sru(A Z Atpa) 07" = x3B(A)}* = D —p.
d=1

9



By a first order Taylor expansion of Spy(Ary) around the true A, we get

0Sru(A)

0= Sru(Arn) = Srpu(A) + 9A

(Apa — A). (11)
The Fisher-scoring algorithm replaces in this equation, the derivative 0Sry(A)/0A
by its expectation E{—0Spy(A)/0A}, which in this case is equal to

{25 - S s

Then, solving for Apy in (11), we get

Apy = A+ {E {—852—11(‘4)}} h Srr(A).

This algorithm is started taking A = Ai?},, and then in each iteration it updates
the estimate of A with the updating equation

o

—1
k+1 k k
AR = AR, + Sra(AL)).

0A

A=A‘F’“£J

In the function eblupFH, the starting value is set to A%O}{ = median(¢y). It
stops either when the number of iterations & > MAXITER where MAXITER
can be chosen by the user, or when

k+1 k
Api” — Apy

< PRECISION.
A(k)
FH

Convergence of the iteration is generally rapid.

5.2 ML fitting method

The model parameters A and 3 can be estimated by ML or REML procedures
based on the normal likelihood (6). In fact, under regularity conditions, the
estimators derived from these two methods (and using the Normal likelihood)
remain consistent at order O,(D~1/2) even without the Normality assumption, for
details see Jiang (1996). ML estimators of A and 3 are obtained by maximizing
the log-likelihood, given by

(A, Biy) = e~ Slog[S(A)] — 5y - XBYS ' (A)y - XB),  (12)

where ¢ denotes a constant. Taking derivative of ¢ with respect to 3 and equating
to zero, we obtain the equation that gives the ML (or WLS) estimator (8). The
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ML equation for A is obtained taking derivative of ¢ with respect to A and
equating to zero, and is given by

D D

D (At ) O = xuBA)Y =) (A+ya) (13)

d=1 d=1

Again, Fisher-scoring algorithm is used to solve this equation. The score is
defined as Sy(A) = 0(A, B;y)/0A and is given by

D D

Surn(A) = S (A + 1) {5 —xB(A) — S (A +va)

d=1 d=1

The Fisher information for A is obtained by taking expectation of the negative
derivative of Sy1(A), and is given by

ML= 2> A ) (1)

Tyi(A) :E{—aSM—L(A)} 1

Finally, the updating equation for the ML estimator of A is
-1
AGH) = AG) + {IML(Ag\?L)} Sarr(Afy).

Starting value AS&)L and stopping criterion are the same as in the FH method
described above. If A},; is the estimate obtained in the last iteration of the algo-
rithm, then the final ML estimate returned by eblupFH is Ay = max(0, A%,,).

5.3 REML fitting method

The REML estimator of A is obtained by maximizing the so called restricted
likelihood, which is the joint p.d.f. of a vector of D — p independent contrasts
F'y of the data y, where F is an D x (D — p) full column rank matrix satisfying
F'F = Ip_, and F'X = O(p_p)xp- The restricted likelihood of F'y does not
depend on 3, and the log-restricted likelihood is

(a(A;y) = ¢~ 3 log [F'S(AJF| - Ly'F (FS(A)F} ' Fy.

It holds that
F{F'S(AF} 'F = P(A),

where

P(A) = B (4) - S AX (X' (A)X]} T X'D(A).

Using this relation, we obtain

1 1
lr(A;y) = ¢ = 5 log [F'E(A)F| = 5y P(A)y.
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The score is defined as Sg(A) = 0lr(A;y)/0A, and is given by
1 1
Sr(A) = —§trace{P(A)} + §y’P2(A)y

- _ Z(A +94) " — trace [{X’E_l(A)X}il X/2_2(A)X}

%{y — XB(A) S 2(A){y — XB(A)}
D D %q {Zk (A4 )™ ka"f}_ Xd
= ; (A+vq)” Z (A +1)y)2
g py
o (A+vq)?

The REML estimator of A is obtained by solving the non-linear equation Sg(A) =
0. Again, application of Fisher-scoring algorithm requires also the Fisher infor-
mation for A associated with (g(A;y), which is given by

Ir(A) = FE {_QS;AA)} = %trace{PQ(A)}

1
= §trace{E(A)’2} — trace [{X'E71(A)X}'X'S?(A)X]
1
+5trace ([{X’z—l(A)X}—1X’2—3(A)X]2) .
Finally, the updating equation is

A%EJ%/IL = A( REML + {IR<A§ZL)?ML)} SR(‘AREML)

Starting value A rev, and stopping criterion are the same as in FH and ML
methods. Again, if A% p,,, is the value obtained in the last iteration, then the
REML estimate is finally Aggar, = max(0, Axgpar)-

6 Function mseFH

The accuracy of an EBLUP 0y is usually assessed by the estimated MSE. Function
mseFH accompanies the EBLUPs with their corresponding estimated MSEs. The
call to this function is

mseFH(formula, vardir, method = "REML", MAXITER = 100,
PRECISION = 0.0001, data)

where the arguments are exactly those of function eblupFH.

12



Under model (4)—(5), the MSE of the BLUP for A known is given by
MSE(gd) = E(Sd — 5d>2 = gld(A) + 92d<A),

where
g1a(A) = ¢a{l—Ba(A)}, (15)
goa(A) = {Bd(A)}2x;,{Z(A+wd>1xdx;} X4, (16)

where ¢14(A) is due to the prediction of the random effect v4 and is O(1) for large
D, and gy4(A) is due to the estimation of 3 and is O(D~!'). This means that, for
large D, a large reduction in MSE over M SE (55)[ R) = 44 can be obtained when
1 — By(A) = A/(A + 1) is small.

Under normality of random effects and errors, the MSE of the EBLUP satisfies

MSE(d4) = MSE(dy,) + E(dg—04)?
= [g1a(A) + g2a(A)] + g3a(A) +o(D71),

where g34(A) is the uncertainty arising from the estimation of A, given by
93a(A) = {Ba(A) Y (A + va) 'V (A), (18)

where V(A) is the asymptotic variance (as D — co) of the estimator A of A.
Thus, gsq(A) depends on the choice of estimator A but for the three available
fitting methods FH, ML and REML, this term is O(D~') (Prasad & Rao, 1990).

The MSE of the EBLUP depends on the true variance A, which is unknown.
If we want to have an unbiased estimator of the MSE up to o(D™!) terms (or
second order unbiased), the MSE estimator depends on the method used to find A
in the EBLUP (method). The following subsections describe the MSE estimates
returned by mseFH for each selected fitting method.

(17)

6.1 FH fitting method

When using the FH estimator App, asecond order unbiased estimator of MSE(d,)
using Apy is given by

mseFH(gd) = gm(AFH) +92d<AFH) +2 g:%d(AFH) — bFH(AFH){Bd(AFH)}za (19)

where, in ggd(AFH), the asymptotic variance is

V(Apy) = S (20)

{CLi(A+va)]

and

2| DL (44w - (S|
STRTEY

bru(A) = , (21)

see Datta, Rao & Smith (2005).
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6.2 ML fitting method

WhenAusing the ML estimator AML of A, a second order unbiased estimator of
MSE(d4) was obtained by Datta & Lahiri (2000) and is given by

msenr, (Sd) = gld(AML) + g2d(AML) + 293d(AML> - bML<AML) V4 gld(AML)a (22)

where the asymptotic variance involved in g34(A) is equal to the inverse of the
Fisher information given in (14),

. 2
Aur) = T (A) = =5 ;
Vi) =Tl = oo

(23)

-1

trace {{Zle(A + W)flxexlg} {25:1(14 + W)?xgx’e}}
ZED=1<A + 1) 2

9g14(A ?
Vo) = S

bur(A) = —

and

6.3 REML fitting method

When using the REML estimator A rEML, & second order unbiased estimator of

MSE(Sd) is given by
mserparn(0a) = gra(Arear) + g2a(Arpyr) + 293a(Arear), (24)
where V(Aggarr) = V(Ayy) is given in (23), see Datta & Lahiri (2000).

7 Function eblupSFH

Function eblupSFH estimates domain parameters 64 = hg(yq), d = 1,...,D,
based on a FH model with spatially correlated area effects. The call to the
function is

eblupSFH(formula, vardir, proxmat, method = "REML", MAXITER = 100,
PRECISION = 0.0001, data)

The model considered by this function is, in matrix notation,
y=XB+v+te, (25)

where y = (8P1E . §DIRY ig the vector of direct estimates for the D small areas
(left hand side of formula), X = (xy,...,Xp)’ is a D X p matrix containing in its
columns the values of p explanatory variables for the D areas (right hand side of
formula), v = (vy,...,vp)" is the vector of area effects and e = (eq,...,ep) is
the vector of independent sampling errors, independent of v, with e ~ N(0p, ¥),

14



where the covariance matrix ¥ = diag(¢y,...,%¥p) is known (vardir contains
the diagonal elements). The vector § = XB+v = (d1,...,0p)’ collects the target
domain parameters.

The vector v follows an simultaneously autoregressive (SAR) process with
unknown autoregression parameter p € (—1,1) and proximity matrix W, i.e.,

v =pWv +u, (26)

see Anselin (1988) and Cressie (1993). Model (25)—(26) will be called hereafter
spatial FH (SFH) model. We assume that the matrix (I, — pW) is non-singular,
where Ip denotes the D x D identity matrix. Then v can be expressed as

v=(Ip—pW) 'u, (27)

where u = (uy,...,up) satisfies u ~ N(0p, AIp) for A unknown.

The matrix W (proxmat) is obtained from an original proximity matrix W?,
whose diagonal elements area equal to zero and the remaining entries are equal to
1 when the two areas corresponding to the row and the column indices are consid-
ered as neighbor and zero otherwise. Then W is obtained by row-standardization
of WY, obtained by dividing each entry of W° by the sum of elements in the
same row, see Anselin (1988), Cressie (1993) and Banerjee, Carlin & Gelfand
(2004) for more details on the SAR(1) process with the above parametrization.
When W is defined in this fashion, p is called spatial autocorrelation parameter
(Banerjee, Carlin & Gelfand, 2004). Hereafter, the vector of variance compo-
nents will be denoted 8 = (61,6:) = (A, p)’. Equation (27) implies that v has
mean vector 0 and covariance matrix equal to

G(6) = A {(Ip — pW)'(Ip — pW)} . (28)
Since e is independent of v, the covariance matrix of y is equal to
3(0)=G(0) + V.
Combining (25) and (27), the model is
y=XB8+(Ip—pW) 'u+e (29)

The BLUP of 64 = x[,8 4+ v4 under model (29) is called Spatial BLUP (Petrucci
& Salvati, 2006) and is given by

0a(8) = x,5(6) + by, G(6)=(0){y — XB(6)}, (30)

where 8(8) = {X'2"1(0)X}'X'S2"1()y is the WLS estimator of 8 and b is
the 1 x d vector (0,...,0,1,0,...,0) with 1 in the d-th position. The Spatial
BLUPs Sd(e), d=1,...,D, depend on the unknown vector of variance compo-
nents @ = (A, p)’. Replacing a consistent estimator @ = (A, p) for 8 in (30),
we obtain the Spatial EBLUPs 4, = Sd(é), d=1,...,D, returned by function
eblupSFH. The following subsections describe the two fitting methods (method)

for the SFH model (25)—(26) supported by eblupSFH.
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7.1 ML fitting method

The ML estimator of @ = (A, p)’ is obtained by maximizing the log-likelihood of
0 given the data vector y,

Ly —xpy= o)y - X0).

1
(8:y) = ¢~ 5 log[2(6) - 5

where ¢ denotes a constant. The Fisher-scoring iterative algorithm is applied

to maximize this log-likelihood. Let S(0) = (Sa(6),5,(0)) be the scores or
derivatives of the log-likelihood with respect to A and p, and let Z(0) be the
Fisher information matrix obtained from ¢(6;y), with elements

w0~ (70 220 ) @

The Fisher-scoring algorithm starts with an initial estimate 8 = (g2, p@Y
and then at each iteration k, this estimate is updated with the equation

e+l — gk) 1 Iflw(k))S(g(k))_
The ML equation for 3 yields
B(9) = {(X'=1(9)X) ' X'z (9)y. (32)

Let us denote
C(p) = (Ip — pW)'(Ip — pW)

and
P(9) ==71(0) - = H(OX {X'Z(O)X} T X'=Y(0). (33)
Then the derivative of C(p) with respect to p is
%(m = W - W'+ 20W'W
P

and the derivatives of 3(0) with respect to A and p are respectively given by

9%(8)
oA

o%(0)
dp

9C(p)
dp

=C™(p), =-AC(p) C™(p) £ R(O).

The scores associated to A and p, after replacing (32), are given by

54(0) = —3tmace {SO)C ()} + 5y POIC ()P (O)y.

5)(0) = —trace S OR(O)} + 5 yPOROPO)y.
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The elements of the Fisher information matrix are

Z4.4(0)= %trace {(=HO)C ' (p)=HO)C'(p)}, (34)
Tu)(0) = Tyn — %traee [SOROSO)C ()}, (35)
7,,00) = %traee [S(O)R(6)S(O)R(6)} . (36)

In the function eblupSFH, the starting value of A is set to A(?) = median(t4). For
p, we take p(®) = 0.5. The algorithm stops either when the number of iterations
k > MAXITER where MAXITER, can be chosen by the user, or when

max {

7.2 REML fitting method

The REML estimator of @ is obtained by maximizing the restricted likelihood
defined as in Section 5.3. Under the SFH model, the restricted log-likelihood is
given by

264D _ 2(8)

52)

’ D) (H)
T W

} < PRECISION.

1 1
(a(0:y) = ¢ — 3 log [E'S(O)F| — £ y'P(0)y.
where P(0) is defined in (33). Using the following properties of the matrix P(8),

oP(9) 9%(0)
00, (€) 90,

P(6)%(0)P(6) = P(6), P(0),

we obtain the scores or derivatives of /z(0;y) with respect to each element of ,
51(6) = 5 trace {P(B)C ()} + 5 ¥ P(O)C ())P(O)y,

S,(0) = —% trace {P(6)R(6)} + %Y’P(O)R(e)P(O)y,

Finally, the elements of the Fisher information obtained from ((0;y) are

T4 4(0) = 5 r{P(B)C ()P(O)C (1)},
T4,(0) = T8y = £ r{POROPO)C ()},
T,(6) = 5 x{P(O)R(O)P(O)R(O)}

The updating equation of the Fisher-scoring algorithm is then

g+ — g(k) 4 {IR(eUf))}‘l SE(OW),
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where S¥(0) = (S%(8), 55(8))" is the scores vector and

Z%(0) = ( %ﬁ:((g)) ﬁ%p((g; ) : (37)

()

is the Fisher information matrix. Starting values and stopping criterion are set
the same as in the case of ML estimates.

8 Function mseSFH

Function mseSFH gives estimated MSEs of the Spatial EBLUPs under the SFH
model (25)—(26). The call to the function is

mseSFH(formula, vardir, proxmat, method = "REML", MAXITER = 100,
PRECISION = 0.0001, data)

which has the same arguments as function eblupSFH.
Similarly as in Section 6, under normality of random effects and errors, the

MSE of the Spatial EBLUP can be decomposed as
MSE{0.(6)} = MSE{0.(6)}  + E{du(8) —a(6)}’
= [91a(0) + 924(0)] + g34(0),

where the first two terms on the right hand side are easily calculated due to the
linearity of the Spatial BLUP 6,4(€) in the data vector y. They are given by

(38)

91a(0) = b {G(8) - G(6)=7(8)G(6)} by, (39)
924(0) = by {Ip - G(OZ7(0)} X(X'Z(0)X)'X
x {Ip — X7'(0)G(6)} by. (40)

However, for the last term gs4(8) = E{64(0)—04(0)}2, an exact analytical expres-
sion does not exist due to the non-linearity of the EBLUP 64(6) in y. Under the
basic FH model (4)-(5) with independent random effects v, (diagonal covariance
matrix ), Prasad & Rao (1990) obtained an approximation up to o(D~!) terms
of g34(0) through Taylor linearization, see Section 6. Their formula can be taken
as a naive approximation of the true gs;(@) under the SFH model (25)—(26).
Straightforward application of this formula to model (25)—(26) yields

934" (8) = trace {Lq(6)%(0)Ly(0)Z'(0)} . (41)
where Z(0) is the Fisher information defined in (31) with elements (34)—(36) and

L.(6) = ( b, {C™H(p)Z71(0) — AC™(p)Z7H(6)C ™ (p)Z71(0)} )
‘ b, {R(0)Z7(0) - ACT! () Z7'(O)R(0)Z7(0)} )~

Then the full MSE can be approximated by

MSE"{64(6)} = 91a(8) + 924(6) + 95, (6). (42)
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Singh, Shukla & Kundu (2005) arrived to the same formula (42) for the true
MSE under a SFH model. However, this formula is not accounting for the extra
uncertainty due to estimation of the spatial autocorrelation parameter p. Next
subsections describe the MSE estimates returned by function mseSFH, depending
on the specified fitting method.

8.1 REML fitting method

Let éREML be the estimator of @ when REML fitting method is specified in
mseSFH. In that case, the function mseSFH returns the MSE estimator derived by
Singh, Shukla & Kundu (2005) and given by

mse 5K [Sd(éREML)] = gld(éREML> + g2d<éREML) + QQéDdR(éREML) — g4d(éREML>7
(43)
where g14, goq and g4 are given respectively in (39), (40) and (41), and g44(0)

reads
2

2
0°3:(0)
/ —1 -1
> bwsnTi(e) .90, 2 1(0)¥ v,,(0) by,
where v,4(0) denotes the element (r,s) of Z(0)™!, for the Fisher information
matrix Z(60) defined in (31) with elements (34)—(36). The second order derivatives
of 3(0) are given by

91a(0) =

N | —

r=1 s=1

0?33(0) _0

W— DxD>

0°%(0) _ 0°%(0) _ 1 9C(P) 1

dAdp — DAdp =-C dp c®),

822(0)_ 190 9C(P) o1y 9C(P) 1 -1 / -1
W_LLXC (9) p Cc(0) ap C ' (0) —2AC  (O)W'WC(0).

8.2 ML fitting method

Let 8,1, be the estimator of @ when ML fitting method is specified. In that case,
the estimate returned by mseSFH reads

msefjf{gd(é)} = gld(éML) + 92d<éML) + QQQR(éML) - g4d(éML)
—blyr(Or2)Vg1a(Oarr).

In this expression, gi4, g2q and g4 are defined respectively in (39), (40) and (41),
Vg1a(0) = (0g14(0)/0A,0g14(0)/0p)" is the gradient of g14(€) with derivatives

8g$ﬁ0) = b;{C7'(p) —2ACT(p)Z7'(8)C  (p)
+APCTH (p)=H(O)C T (p)=TH(O)C T () } by,
5951/59) — b, {R(6) —2AC ()= (O)R(6)

A*CH () H(O)R(O)X()C () } ba,
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and finally, bMAL(OAML) is the bias of the ML estimator N up to O(DA_I) terms,
given by bML<6> = I‘l(HML)h(OML)/2 Wlth h(HML) = (h1<9ML)7 hZ(HML)), and

hi(6) = —trace [{X'z—l(e)x}‘l X'z—l(e)c—l(p)z—l(e)x] ,

ha(6) = —trace [{X'z—l(e)x}*1 X'z—l(e)R(e)z—l(e)x} .

9 Function pbmseSFH

Function pbmseSFH gives parametric bootstrap estimates of the MSEs of the
Spatial EBLUPs under the SFH model (25)—(26) using an extension of Gonzalez-
Manteiga et al. (2008b). The MSE estimators obtained by this procedure are
expected to be consistent if the model parameter estimates are consistent. The
call to the function is

pbmseSFH(formula, vardir, proxmat, B = 100, method = "REML",
MAXITER = 100, PRECISION = 0.0001, data)

where the arguments are those of function eblupSFH, and additionally the number
of bootstrap replicates B. The bootstrap procedure proceeds as follows:

1) Fit the SFH model (25)—(26) to the initial data y = (§P1E,. .. §DIRY,
obtaining model parameter estimates 8 = (A, p)’ and 3 = 3(0).

2) Generate a vector t] whose elements are D independent copies of a N(0, 1).
Construct bootstrap vectors u* = AY2t; and v* = (Ip — pW) 'u*, and

calculate the bootstrap quantity of interest §* = X3 + v*, by regarding 3
and @ as the true values of the model parameters.

3) Generate a vector t5 with D independent copies of a N (0, 1), independently
of the generation of t], and construct the vector of bootstrap random errors
et = Wl/2 5,

4) Obtain bootstrap data applying the model y* = §* + e* = XB +v* 4 e*.

5) Regarding B and 6 as the true values of 8 and 0, fit the SFH model (25)-
(26) to bootstrap data y*, obtaining estimates of the “true” B3 and 6 based
on y*. For this, first calculate the estimator of ,[;' evaluated at the “true”
value é,

~ A ~ -1 ~
B0) = {X'= 10X} X'=@)y"
next, obtain the estimator 0* of 0 based on y* and, finally, the estimator

of B evaluated at 6%, that is, ﬁ*(é*)

6) Calculate the bootstrap Spatial BLUP from bootstrap data y* and regard-
ing O as the true value of 0,

53(0) = x,3"(0) + B,G(O)=(0) " {y* —XB"(9) }.
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Calculate also the bootstrap Spatial EBLUP replacing 0" for the “true” é,
04(07) = x4B8"(6") + b, G(6")=1(6")[y" — XB"(67)].

7) Repeat steps 2)-6) B times. In b-th bootstrap replication, let 52(b) be the
quantity of interest for d-th area, *(®) the bootstrap estimate of 8, 5;(17)(0)

the bootstrap Spatial BLUP and S;(b)(é*(b)) the bootstrap Spatial EBLUP
for d-th area.

8) A parametric bootstrap estimator of g34(0) is

6P 0) =B Z{ (GRERIONS

Function pbmseSFH returns the naive parametric bootstrap estimator of the
full MSE, given by

B
~ A ~ ~ 2
mse" PP {5,(0)} = By {5;<b>(9*<b>> - 5;;“)} . (44)

b=1

Function pbmseSFH also returns a bias-corrected MSE estimate obtained as
in Pfeffermann and Tiller (2005), and given by

msebCPB{Sd(é)} = 2 {gu(é) + gw(é)} + géjjB(é)
By {010) + 02u @) f . (45)

10 Function npbmseSFH

Function npbmseSFH gives MSE estimates for the Spatial EBLUPs under the
SFH model (25)—(26), using the nonparametric bootstrap approach of Molina,
Salvati & Pratesi (2009). The call to the function is

npbmseSFH(formula, vardir, proxmat, B = 100, method = "REML",
MAXITER = 100,PRECISION = 0.0001, data)

where the arguments are the same as in pbmseSFH. The function resamples ran-
dom effects {uj,...,u},} and errors {e},...,e},} from the respective empirical
distribution of predicted random effects {11, ..., up} and residuals {7, ...,7p},
where 4 = 6PTR —$,4(0), d = 1,..., D, all previously standardized. This method
avoids the need for distributional assumptions of uy and ey; therefore, it is ex-
pected to be more robust to non-normality of the random model components.
Under model (25)—(26), the BLUPs of u and v are respectively given by

v(6) = G(O)=7(9){y — XB(0)}, u(6) =1 pW)v(6),
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and the covariance matrix of u() is
$u(6) = (1— pW)G(0)P(8)G(6)(I — pW").
Let us define the vector of residuals obtained from the BLUP
t(0) =y —XB(0) —v(0) = (6P —5,(0),..., 68 —5,(6)).
It is easy to see that the covariance matrix of ¥(8) is
3.(0) =Y PO)T,

for P(0) defined in (33). The covariance matrices X,(0) and 3,.(0) are not
diagonal; hence, the elements of the vectors u(€) and r(8) are correlated. Indeed,
both t(#) and 1(0) lie in a subspace of dimension D — p. Since the methods that
resample from the empirical distribution work well under an ideally iid setup,
before resampling a previous standardization step is crucial. Here u = ﬁ(é) and
r = f"(é) are transformed to achieve vectors that are as close as possible to be
uncorrelated and with unit variance elements. We describe the standardization
method only for 1, since for r the process is analogous. Let us consider the
estimated covariance matrix 3, = Eu(é). The spectral decomposition of 3, is

ZA]u = QuAuQ;a

where A, is a diagonal matrix with the D — p non-zero eigenvalues of 3, and
Qu is the matrix with the corresponding eigenvectors in the columns. Take
the square root matrix S = QuAal/ QQ;. Squaring this matrix gives a
generalized inverse of 33,.. With the obtained square root, we transform u as

o’ =3 V0.

The covariance matrix of @® is then V (4°) = Q,Q/,, which is close to an identity
matrix. Observe that in the transformation

~S _ A
u = QuAul/QQ,uua

the vector Q1 contains the coordinates of @1 in its principal components, which
are uncorrelated and with covariance matrix Ay. Then multiplying by Ay Y 2,
these coordinates are standardized to have unit variance. Finally, this standard-
ized vector in the space of the principal components is returned to the original
space by multiplying by Q,. Thus, the transformed vector 4 contains the coor-
dinates of the vector Ay’ 2Q{lﬁ, with standard elements, in the original space.
The eigenvalues, which are the variances of the uncorrelated principal compo-
nents, collect better the variability than the diagonals of .. Indeed, simulations
were indicated that taking simply ﬂg = Ugq/+/Vad, Where vgq is the d-th diagonal
element of f]u, does not work well.

The final nonparametric bootstrap procedure is obtained by replacing steps
2) and 3) in the parametric bootstrap 1)-8) of Section 9 by the new steps 2’)
and 3’) given below:
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2)

With the estimates 6 = (121, p)" and B = B(é) obtained in step 1), calculate
predictors of v and u as follows

V=GO)Z0) (y—XB), t=I-pW)V=(ay,...,0m).

Then take 0% = 3,20 = (a¥,...,4%), where 3/? is the square root of
the generalized inverse of 33, obtained by the spectral decomposition. It
is convenient to re-scale the elements @5 so that they have sample mean
exactly equal to zero and sample variance A. This is achieved by the
transformation

- D .
@55 = Aty — D' 30, 47)
)
1D - 1D -
\/D DY g (@] — D130, a7)?

Construct the vector u* = (uf,...,u},)’, whose elements are obtained by
extracting a simple random sample with replacement of size D from the set
{079, ..., 4%}, Then obtain v* = (I — pW)~lu* and calculate the vector

of bootstrap target parameters 0* = XB + v =(07,...,05)

d=1,...,D.

Compute the vector of residuals r =y —XB-v = (f1,...,7p)". Standard-
ize these residuals as #5 = 3,72 = (75,...,#3), where 3, = ¥ P(6)¥
is the estimated covariance matrix and 3y /2 is a square root of the gen-
eralized inverse derived from the spectral decomposition of 3,. Again,
re-standardize these values

4 -1\\D as
Ty —m 7
795 = d 2 P ., d=1,...,D.
1D 1D
\/D P (P = D3 )
Construct r* = (r},...,r},) by extracting a simple random sample with re-
placement of size D from the set {757, ..., 72}, Then take e* = (ef,...,¢e}),

where €} = 1,03/27”;, d=1,...,D.

The function npbmseSFH yields naive and bias-corrected nonparametric bootstrap
estimators mse™VP{5,;(0)} and mse®NB{5,(0)} analogous to (44) and (45)
respectively.

11

Function eblupSTFH

Function eblupSTFH gives small area estimators of 64 = hy(yq), d = 1,...,D,
under an extension of the FH model that takes into account the spatial correlation
between neighbor areas and also incorporates historical data (Marhuenda, Molina
& Morales, 2013). The area parameter for domain d at current time instant 7" is
estimated borrowing strength from the 7" time instants and from the D domains.

The call to the function is
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eblupSTFH(formula, D, T, vardir, proxmat, model = "ST",
MAXITER = 100, PRECISION = 0.0001, data)

Let 64 be the target area characteristic for area d and time instant ¢, for d =
1,...,Dand t = 1,...,T. Let 62’ be a direct estimator of 4 (left hand
side of formula) and x4 a column vector containing the aggregated values of p
auxiliary variables related linearly with g4 (right hand side of formula). The
spatio-temporal FH (STFH) model is stated as follows. In the first stage, we
assume

oD — 6y +eq, d=1,...,D, t=1,...T, (46)

where, given d4, sampling errors ey are assumed to be independent and normally
distributed with variances 14 known for all d and ¢ (vardir). In the second
stage, the target parameters for all domains and time points are linked through
the model

5dt:X¢/;lt/6+u1d+u2dta dzlv"'7Da t:177T (47)

Here, the vectors of area-time random effects (usq1, .. ., usqr)" are ii.d. for each
area d, following an AR(1) process with autocorrelation parameter p,, that is,

iid
Upgs = Polinde—1 + €2ar,  |pa] <1,  €ar ~ N(0,03). (48)
The vector of area effects (uy1,...,uip) follows a SAR(1) process with variance

parameter o7, spatial autocorrelation p; and row-standardized proximity matrix
W = (wgy) defined as in Section 7 (proxmat), that is,

iid
Uid = P1 de,€u1£+€1d7 ’Pl‘ <1, €y~ N(070%)7 d=1,...,D. (49)
t4£d

Let us define the following vectors and matrices obtained by stacking the
elements of the model in columns

= col (col (82T7), X = col ( col (x})),

1<d<D 1<t<T 1<d<D 1<t<T
e = 1§CC?§1D(1§C?§1T(€dt))’ u; = ISCC%ID(UM) and uy = 1§CdO§1D(1§C?S1T(U2dt)'

Defining additionally Z; = Ip ) 17 where Ip is the D x D identity matrix, 17
is a vector of ones of size T and () is the Kronecker product, Z, = I,,, where
n = DT is the total number of observations, u = (u}, u}) and Z = (Z;, Z,), the
model can be expressed as a general linear mixed model in the form

y =XB+Zu+e.

Let O = (02, p1, 03, p2)’ be the vector of unknown parameters involved in the
covariance matrix of y. Observe that here e ~ N(0,,, ¥), where 0,, denotes a vec-
tor of zeros of size n and W is the diagonal matrix ¥ = diag, ;< p(diag; ;<7 (Var)).
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Moreover, u ~ N{0,, G(0)}, where the covariance matrix is the block diagonal
matrix G(0) = diag{cQ;(p1), 032 (p2)}, with

1

Q(p1) ={Ip— W) (Ip— W)} , (50)
Qa(p2) = diag1§ng{Q2d(P2>},
L pe oot opy !
1 pp 1 py
Qaa(p2) 1 3 : : : : : ,d=1,...,D. (51)
— 3 o
P ., Lo
p27 p27 A p2 1 TxT

Thus, the covariance matrix of y is given by
3(0)=72G(0)Z + .

The WLS estimator of 8 and the (componentwise) BLUP of u obtained by
Henderson (1975) are given by

B(6) = (X' 1(0)X} X' Oy,
u(0) = G(0)Z'S71(0){y — X53(6)}. (52)

Since u = (uf, u})’, the second identity leads to the BLUPs of u; and uy, respec-
tively given by

0(0) = 2 (p)Z T (O){y — XB(0)},
W(6) = o3%(p)S " (O)y ~ XA(O)}.

Replacing an estimator 6 for 0 in previous formulas we obtain B =3 (é) and
the EBLUPs of u; and uy respectively,

~ ~

fll = ﬁl(e) = (’[LH, e ,ﬂlD), and ﬁg = ﬁ2(9) = (ﬂgn, e ,ﬂgDT),.

Finally, the EBLUP of the area characteristic d5 under the STFH model
(46)—(49) returned by function eblupSTFH is given by

8dt:X;t/é+ald+a2dta dzla"'7D7 t:17>T

The following subsection describes the REML model fitting procedure applied
by function eblupSTFH to estimate 6 and 3.

Remark 1. Computation of the inverse of the n x n matriz 3(0) involved in
(52) can be too time consuming for large n. This is replaced by the inversion of
two smaller matrices as follows. Observe that 3(0) can be expressed as

3(6) = 01Z:1(p1)Zy +1(8),
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where T'(0) = dmglgdgp{rd(e)} and T4(0) = ‘7292d(ﬂ2) + dmg1<t<T(¢dt) =
1,...,D. Applying the inversion formula

(A+CBD) '=A"1 - A C(B '+ DAT'C) ' DA™ (53)
with A =T(0), B =0?Q(p1), C =2Z; and D = Z/;, we obtain
2710) =T710) — T Y0)Z, {0720 (p) + Z.T1(0)Z,} ' Z,T71(),

where T74(0) = diangdSD{Fgl(Q)}. Here, T'4(0) is inverted using again (53).
This procedure only requires inversion of the T x T matriz Qaq(p2) given in (51),
which is constant for all d, and the D x D matriz Q1(p1) given in (50).

11.1 REML fitting method

REML fitting method maximizes the restricted likelihood, which is the joint p.d.f.
of a vector of n — p linearly independent contrasts F'y, where F is an n x (n —p)
full column rank matrix satisfying F'F = I,_, and F'X = 0,_,. It holds that

F'y is independent of 3 given in (52). Consequently, the p.d.f. of Fy does not
depend on B and is given by

)2 _ B . 1
fr(6:y) = (2m) " PR XIX| VS (0) XS THO)X] 1”exp{—§3>f’P(6')y},

where
PO)=%710) - =1 (0)X{X'=(0)X}" 'X's —1(9).
Observe that P(0) satisfies P(O)E(O)P( ) =P(0) and P(6)X = 0,,.

The REML estimator of @ = (6y,...,604) = (0%, p1,03, pa)’ is the maximizer
of (r(0;y) = log fr(0;y). This maximum is computed using the Fisher-scoring
algorithm. Let Sg(0) = 0(r(0;y)/00 = (SE(0),...,SE(0)) be the scores vector
and Zp(0) = —E{0*((0;y)/06000'} = (Z(6)) the Fisher information matrix
associated with 8. Using the fact that

oP(0)
96,

)

= PO

P@O), r=1,...,4,

the first order partial derivative of {g(0;y) with respect to 6, is

82(0)}+ L g OZ(0)

1
a6, 3V PO,

SE(9) = —5 tr {P(O)

POy, r=1,...,4.

The element (7, s) of the Fisher information matrix is the expected value of the
negative second order partial derivative of ¢x(0;y) with respect to 6, and 6,
which yields

T7(0) = %tr {P(O)age(f)P(B)(??H(f) } , rys=1,...,4.
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Then, if 8% is the value of the estimator at iteration k, the updating formula of
the Fisher-scoring algorithm is given by

g+l — gk —1—1151(0(]“))83(9(’“)).

Finally, the partial derivatives of 3(6) with respect to the components of 8,
involved in Si(0) and Zg(0), are given by

0x(0 , X (0 90 (p ,
80(%) =7 (;m) 2, % - —Uleﬂl(m)%&(m)zp
NI ox(e) ., .. {3Q2d(02)}
= diag {9 , —— =0, dia —_— 7,
305 1§d§gD{ Qd(pz)} 3P2 zlgdggb 302
where .
M (p) - wowry 20 W'W
dp1
and
0 1 (T —1)p2—2
1 0o . (T —2)p3~*
a(p2) 1 : o : L 2p280a(p2)
(T —2)p; ° 0 1
(T —1)p3 1

12 Function pbmseSTFH

Function pbmseSTFH gives parametric bootstrap MSE estimates for the EBLUPs
of the domain parameters under the STFH model (46)—(49) as in Marhuenda,
Molina & Morales (2013). The call to the function is

pbmseSTFH(formula, D, T, vardir, proxmat, B = 100, model = "ST",
MAXITER = 100, PRECISION = 0.0001, data)

where the arguments are the same as in eblupSTFH, together with the number of
bootstrap replicates B. The parametric bootstrap procedure is described below:

(1) Using the available data {(0578 x4),t = 1,...,T,d = 1,..., D}, fit the
STFH model (46)-(49) and obtain model parameter estimates 3, 6%, p1,
/\2 ~
o5 and ps.

(2) Generate bootstrap area effects {u;g’),d = 1,...,D}, from the SAR(1)
process given in (49), using (6%, p;) as true values of parameters (a7, p;).

(3) Independently of {uféb)} and independently for each d, generate bootstrap
time effects {u;g?,t = 1,...,T}, from the AR(1) process given in (48),
with (63, p2) acting as true values of parameters (03, ps).
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(4) Calculate true bootstrap quantities,
(5;(17) :ijt,éﬁ—uigb) —i—u;g?, t=1,...,T, d=1,...,D.

(5) Generate errors eng) " N(0

sampling model,

,%4) and obtain bootstrap data from the

5£1R* _5dtb)+ d§b>’ t=1,....,T, d=1,...,D.

(6) Using the new bootstrap data {(6DIR*( ) Xg),t =1,...,7,.d=1,...,D},
fit the STFH model (46)—(49) and obtain the bootstrap EBLUPs,

5;517) x ,3 ® 4 A*(b)_i_ A;g;), t=1,....T, d=1,...,D.
(7) Repeat steps (1)-(6) for b =1,..., B, where B is a large number.

(8) The parametric bootstrap MSE estimates returned by function pbmseSTFH
are given by

oy

1 2
mse(dy) = — Z(ﬁ—%); t=1,...,T, d=1,...,D. (54)

b=1

13 Function eblupBHF

Function eblupBHF estimates the area means Yy, d = 1,..., D, under the unit
level model introduced by Battese, Harter & Fuller (1988) (BHF model). The
call to the function is

eblupBHF (formula, dom, selectdom, meanxpop, popnsize,
method = "REML", data)

The function allows to select a subset of domains for estimation through the
argument selectdom, but dropping this argument it estimates in all domains.
Let Yy be the value of the target variable for unit j in domain d (left hand side
of formula). The BHF model assumes

Yd-:xgjﬁ+ud+edj, j=1,....Ng, d=1,...,D,

ug ¥ N(0,07), ey ¥ N(0,07), (55)
where x4; is a vector containing the values of p explanatory variables for the
same unit (right hand side of formula), uy is the area random effect and eg; is
the individual error, where area effects u4 and errors ey are independent. Let
us define vectors and matrices obtained by stacking in columns the elements for
domain d

Vo=, g Mah Xa=, g9 ) ea=, 59, [Ca)
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Then, the domain vectors y4 are independent and follow the model
yd:Xd6+ud1Nd+ed, edNiIld N(0,0’SINd), dzl,...,D,

where uy is independent of e;. Under this model, the mean vector and the
covariance matrix of y, are given by

Ha = Xdﬂ and Vd = O'glNd].Evd + O'zINd.

Consider the decomposition of y4 into sample and out-of-sample elements
ya = (¥,,¥5s), and the corresponding decomposition of X, and V4 as

. de o Vds Vdsr
Xd B < Xdr ) 7 Vd B ( Vdrs Vdr ) .
If 02 and o2 are known, the BLUP of the small area mean Yj is given by

7= Nid (Z Yo+ dej> , (56)

VISCY JETq

where f/dj = xiij,é + g is the BLUP of Y. Here, B is the WLS estimator of 3
and g is the BLUP of u,4, given respectively by

D -1 p
8= (Z XdV;;X;) > XaVilya, (57)

d=1 d=1
U = Ya(Yas — Xqs3), (58)
where 745 = n;' > jesy Yy Xas = ny! Y jes, X and vy = o /(oh + 07 /na),

d=1,....D.
Let 62 and 62 be consistent estimators of o2 and o2 respectively, such as
those obtained by ML or REML. The EBLUP is

Vo= Nid (Z Yy + Z%) , (59)

JESsq JETq

where Ydj = Xy B + 14 is the EBLUP of Yy, B and 14 are given respectively by

D -1 p
8= (Z dedslxg) > XaVilya (60)

d=1 d=1
g = ’A}/d(gds - 5(:1518)7 (61)
with 44 = 62/(62 + 62 /ng) and Vg, = 6o1,,1,, +621,,d=1,...,D. Replacing

(60) and (61) in (59), we obtain the expression for the EBLUP of Y, returned by
function eblupBHF ,

ffd = fa¥Yis + (Xd — fdids)/é + (1 — fa)ta,

29



where f; = ng/Ny is the sampling fraction. Note that the EBLUP requires the
vector of population means of the auxiliary variables X, (meanxpop) and the
population sizes (popnsize) apart from the sample data (specified in formula),
but the individual values of the auxiliary variables for each population unit are
not needed.

14 Function pbmseBHF

Function pbmseBHF gives a parametric bootstrap MSE estimate for the EBLUP
under the BHF model (55). The call to the function is

pbmseBHF (formula, dom, selectdom, meanxpop, popnsize, B = 200,
method = "REML", data)

The function applies the parametric bootstrap procedure for finite populations
introduced by Gonzdlez-Manteiga et al. (2008a) particularized to the estimation
of means. The estimated MSEs are obtained as follows:

1) Fit the BHF model (55) to sample data ys = (yis,...,¥n) and obtain
model parameter estimates 3, 62 and 2.

) iid

2) Generate bootstrap domain effects as ud ~ N(0,6%),d=1,...,D.

3) Generate, independently of the random effects ufl(b) bootstrap errors for

sample elements *j('b) 0 N(0,62), j € s4, and error domain means £ w

N(0,62/Ny),d=1,...,D. ,

4) Compute the true domain means of this bootstrap population, given by

VO -xX8+u?+E" d=1,...D.

Observe that computation of Yd*(b) does not require the individual values
Xq;, for each out-of-sample unit j € ry.

5) Using the known sample vectors x4;, j € sq, generate the model responses
for sample elements from the model

Vi =xB+u® v e, jesa d=1,....D.
Let ) — *(b)ys #(b)\ 7y
yvs = ((yis),---,(¥yps)) be the bootstrap sample data vector.

6) Fit the BHF model (55) to bootstrap data y:® and obtain the bootstrap
EBLUPs Y ,d=1,...,D.
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7) Repeat steps 2)-7) for b = 1,...,B. Let Yd*(b) be the true mean and
Yd*(b) the corresponding EBLUP of domain d for bootstrap replicate b. The

parametric bootstrap estimates of the MSEs of the EBLUPs }Q/d returned
by function pbmseBHF are given by

mse( 12( v _y )2, d=1,...,D. (62)

B
b=1

15 Function ebBHF

Function ebBHF estimates non linear area parameters dq = hq(yq), d = . D
under the BHF model (55), using the empirical best/Bayes (EB) method of
Molina & Rao (2010). The call to the function is

ebBHF (formula, dom, selectdom, Xnonsample, MC = 100, data,
transform = "BoxCox", lambda = 0, constant = 0, indicator)

where the function hy() is specified by the user (indicator). This function as-
sumes that model responses Yy; are obtained by a transformation of the values Ey;
of a quantitative variable as Yy = T'(Ey;). The transformation 7'() (transform)
must be selected by the user between the Box-Cox family or the power family
of transformations, to achieve approximate normality of the Yy values. Both
families contain two parameters, an additive constant m and a power \. The
Box-Cox family is given by

_ By +m) =11 /A A#£0;
T(Edj)_{{ iiog(Ederm)% A =0,

and the power family is

A (Edj + m)/\a A 7é 0;
T(Ey) = { log(Eg +m), A=0.

The parameters m (constant) and A (lambda) must be specified by the user.
Note that setting m = 0 and A\ = 1 means no transformation. Function ebBHF
assumes that the transformed variables Yy = T'(Ey;) follow the BHF model (55).

Let yq = (¥, y5.) be the vector containing the values of the transformed
variables Yy for the sample and out-of-sample units within domain d. The best
predictor of §; = hg(ya) is given by

50 = Ey, [ha(ya)lya) = / halya) [ (varlyas) dyar. (63)

where f(yar|yas) is the joint density of yg4. given the observed data vector yg ;.
The expectation in (63) is approximated by Monte Carlo. For this, function

31



ebBHF generates L replicates {yéi); ¢=1,...,L} of y4 from the estimated con-
ditional distribution of y4,|y4s, where L can be specified by the user (MC). The

elements of y,4,. or non-sample values Yd(je) are generated from the estimated model

ngg) = dej,é + Ug + Vg + Eas, (64)
va~ N(0,62(1 —44)), € ~ N(0,62), j€rq, d=1,...,D,  (65)

where ,@, 62 and 62 are the estimated model parameters. Attaching the sample
values yg4s to the generated out-of-sample vector yfif,), full population vectors
yff) = ((yé?)’ ,y5,) are obtained. Then, function ebBHF returns the Monte Carlo

approximation to the EB predictor of g,

L
o1 )
da= 7 ; ha(yq')- (66)

Examples of non linear area parameters are the members of the FGT family
of poverty indicators defined by Foster, Greer & Thorbecke (1984), which for
domain d are given by

Ny «
1 — By
Foa = (Z—dj> I(Ey <z), a=0, (67)

z

where Eg; is in this case a welfare measure such as income or expenditure, 2 is the
poverty line defined for the population and I(condition) is the indicator function
with value 1 when condition is true and 0 otherwise. If a transformation 7°() is
specified through the arguments transform, lambda and constant, the function
ebBHF calculates the EB estimates (66) of the parameters

50 = halya) = — Z (%W)af(rlmj) <2), d=1,...,D.

16 Function pbmseebBHF

Function pbmseEB gives parametric bootstrap MSE estimates for the EB estima-
tors (66) under the BHF model. The call to the function is

pbmseebBHF (formula, dom, selectdom, Xnonsample, B = 100, MC = 100,
data, transform = "BoxCox", lambda = 0, constant = O, indicator)

where the arguments are as in ebBHF, together with the number of bootstrap
replicates B. The function uses the parametric bootstrap of Gonzélez-Manteiga
et al. (2008a), which proceeds as follows:

1) Fit the BHF model (55), deriving estimates 3, 62 and 62.
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Generate bootstrap domain effects as
uw® % N0,62), d=1,...,D.

Generate, independently of u’{(b), e ,ug(b), model errors

* ) iid .
j NN(O 3, j=1,...,Ng, d=1,...,D
Generate a bootstrap population of Yy values from the model

V" =xB+u)” +e”, j=1,... Ny d=1,...,D.

Let us define the area vector yz(b) = (Yd*l(b), . ,YCZS,Z))’ . Calculate target
area quantities for the bootstrap population

55 = hy(y®), d=1,...,D.

For the original sample s = s1U- - -Usp, let y:(b) be the vector containing the
bootstrap observations whose indices are in the sample, that is, containing
Ydj.(b), J € sq,=1,...,D. Fit again the BHF model (55) to bootstrap sample

*(b)

data y:® and obtain bootstrap estimates 62, 2*® and 3*®.

Usmg the bootstrap sample data yg obtam the bootstrap EB estimators
6d ,d=1,...,D, through the Monte Carlo approximation (66).

Repeat 2)-7) for b = 1,..., B, obtaining true value 6;(17) and EB estimate
52(1)) for each area d = 1,..., D and bootstrap sample b=1,..., B.

The bootstrap MSE estimates returned by function pbmseEB are given by

mseB(5d B~ Z( ), d=1,...,D.
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